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Sensitivity-Aware Model Predictive Control
for Robots with Parametric Uncertainty

Tommaso Belvedere, Marco Cognetti, Giuseppe Oriolo, Paolo Robuffo Giordano

Abstract—This paper introduces a computationally efficient
robust Model Predictive Control (MPC) scheme for controlling
nonlinear systems affected by parametric uncertainties in their
models. The approach leverages the recent notion of closed-
loop state sensitivity and the associated ellipsoidal tubes of
perturbed trajectories for taking into account online time-varying
restrictions on state and input constraints. This makes the
MPC controller “aware” of potential additional requirements
needed to cope with parametric uncertainty, thus significantly
improving the tracking performance and success rates during
navigation in constrained environments. One key contribution
lies in the introduction of a computationally efficient robust
MPC formulation with a comparable computational complexity
to a standard MPC (i.e., an MPC not explicitly dealing with
parametric uncertainty). An extensive simulation campaign is
presented to demonstrate the effectiveness of the proposed ap-
proach in handling parametric uncertainties and enhancing task
performance, safety, and overall robustness. Furthermore, we
also provide an experimental validation that shows the feasibility
of the approach in real-world conditions and corroborates the
statistical findings of the simulation campaign. The versatility and
efficiency of the proposed method make it therefore a valuable
tool for real-time control of robots subject to non-negligible
uncertainty in their models.

Index Terms—Optimization and Optimal Control, Model Pre-
dictive Control, Robust/Adaptive Control of Robotic Systems,
Aerial Systems: Mechanics and Control.

I. INTRODUCTION

ADVANCEMENTS in sensing, planning, and control have
empowered robots with the ability to accomplish highly

complex tasks such as, e.g., navigation in cluttered envi-
ronments or manipulation and physical interaction with the
environment and human users. However, many challenges still
need to be solved for an effective deployment of robots in real-
world scenarios, one of which being that of robustness against
the (unavoidable) uncertainties of the robot/environment mod-
els.In fact, any advanced planning and control algorithm relies
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Fig. 1. Top: Stroboscopic view of the comparison between our proposed
method (blue) and a regular MPC controller (red) while performing trajectory
tracking. The spread of trajectories is obtained by varying the robot’s physical
parameters and letting the drone track the nominal trajectory. It is clear how
our proposed method is able to remain much closer to its nominal behavior.
Bottom: Stroboscopic view of the real quadrotor tracking an aggressive
trajectory with the proposed method.

on a suitable model of the robot/environment for generating the
motion plan or actions for realizing a task of interest. However,
any model is only an approximation of the real world and,
thus, planning/control schemes must exhibit some degree of
robustness against model uncertainties.

Uncertainties in a robot/environment can have many sources
and can be modeled at different levels of detail. For instance,
a typical choice in many robotics applications is to consider
a generic additive “process noise” (or “actuation noise”),
often taken as Gaussian random variables. This additive term
can capture the presence of some uncertainty in the robot’s
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motion/actuation, but its genericity does not allow, in general,
to obtain precise predictions of how the actual uncertainties
will affect the robot’s motions or actions. However, the sim-
plicity of this choice (and tractability from a mathematical
point of view) make additive noise terms virtually the most
popular modeling choice for developing control, planning, and
estimation schemes.

In many cases of interest, a model of the robot/environment
can be considered available with the main source of uncer-
tainty lumped in the inaccurate knowledge of some model
parameters. In these cases, the uncertainty is not generic
but it has a very specific structure which, if exploited, can
lead to better predictions of its effects on the robot motion.
In light of these considerations, some recent works [1]–[6]
have introduced and exploited the notion of closed-loop state
sensitivity matrix: this quantity locally captures how deviations
in the model parameters (w.r.t. their nominal values) affect
the evolution of the robot/environment states in closed-loop,
i.e., by also taking into account the strengths/weaknesses of
the particular control action chosen for executing the task. A
norm of the state sensitivity can, for instance, be minimized
for generating reference trajectories that result by construction
minimally sensitive to parametric uncertainties, thus increasing
the intrinsic robustness of their tracking in closed-loop. This is
particularly relevant whenever the task requirements allow for
some redundancy in the reference trajectory that can be opti-
mized w.r.t. the sensitivity metrics, e.g., in case of collision-
free navigation in cluttered environments or regulation tasks.
The notion of state sensitivity has been later extended to also
consider the effects of uncertainties on the control inputs [2],
by defining and minimizing the so-called input sensitivity: this
allows, for instance, to better cope with actuation limits that
might otherwise be violated when the robot deviates from
its nominal trajectory [5]. Finally, the sensitivity matrix has
also been leveraged to obtain time-varying bounds (tubes) on
the state and/or input evolution assuming a (known) range of
variation for the parameters [7]. This makes it possible to plan
robust trajectories that, at least locally, ensure the feasibility of
the resulting motion (against state [7] or input [8] constraints)
also in the presence of model parametric uncertainties.

Even if successful in generating robust trajectories, the
above-mentioned works have only considered the case of
offline planning. However, the ability to re-plan online can
clearly offer an additional and substantial improvement of the
robustness against uncertainties. Therefore, the main goal of
this work is to study how to exploit the closed-loop state
sensitivity (and related/derived quantities) within an online
replanning scheme formulated as a Model Predictive Control
(MPC) problem. Being an online local planner, MPC is
a widely adopted control approach in robotics, with many
examples of its application to quadrotor control [9], [10],
autonomous racing [11], wheeled mobile robot navigation
and control [12]–[14], and legged locomotion [15]–[18]. Its
predictive nature, which leverages a nominal model of the
robot/environment, and the possibility to explicitly handle
constraints and optimization of performance indexes over the
future evolution of the system, has made it an attractive
choice for solving complex control problems. For instance,

one of the main key advantages of MPC over traditional robot
controllers is the ability to account for input constraints [10]
so as to ensure the feasibility of the planned motion also in
the presence of limited actuation.

Nonetheless, a practical MPC deployment can face sig-
nificant challenges related to feasibility and robustness to
uncertainties, in particular when hard constraints play an active
role in motion generation. Standard MPC, in fact, generates
an open-loop trajectory with no information regarding the
ability to counteract the effects of possible future disturbances.
However, the ability to correctly predict the future behavior
of the robot by also accounting for the impact of feedback
actions is crucial. Whenever the robot deviates from the
predicted trajectory, the feedback controller will act against
the disturbance to steer the robot back on the planned motion.
Although this positive effect can decrease the impact of the
uncertainties, it also requires, in general, an increased control
effort that needs to be accurately taken into account if input
constraints are present. Planning a feasible robust motion must
then ensure that the predicted motion possesses enough control
authority to satisfy constraints amid potential disturbances.

Related works: The issue of robustness against uncertainties
in MPC has motivated many research efforts over the years
to propose a variety of “robust MPC” schemes. The goal of
robust MPC is to guarantee the feasibility of the predicted
trajectory for all possible disturbance sequences [19, Ch. 3].
When dealing with uncertain systems, the set of all possible
trajectories can be seen as a bundle. Robust MPC methods try
to control the bundle of trajectories to guarantee feasibility.
Since MPC acts online as a controller, the time complexity
of one iteration of any MPC algorithm must be compatible
with the real-time requirements of the controlled robot. This
requirement has naturally shaped MPC methods to search
for the best trade-off between optimality, robustness, and
complexity.

A way to directly control the bundle of trajectories, referred
to as the scenario-tree approach [20], is to discretize the
disturbance set and to control the evolution of all the possible
realizations of the system. This approach has, however, limited
practical applicability because of its computational complexity.
A more practical approach is to find an outer approximation of
the bundle of perturbed trajectories in the form of time-varying
tubes. The so-called Tube MPC, first developed for linear
systems [21] and then extended to nonlinear ones [22], [23],
aims at finding a tractable way to compute such tubes, possibly
online. The tube computation typically involves a propagation
of the disturbances over the closed-loop dynamics. In most
cases, the computation of the tubes’ cross-section relies on an
ancillary control law providing disturbance rejection through
feedback. Such controller can be fixed a-priori [24]–[26] or
it can be parameterized and determined online as part of the
algorithm in order to, for instance, minimize the tubes’ cross-
section [23]. Typically, an ellipsoidal approximation of the
tubes’ cross-section around the nominal trajectory is used.
In [23], the tubes’ cross-section is obtained, along with the
parameterized feedback gains, by solving a Semi-Definite
Program point-wise for each predicted sampling instant. Sim-
ilarly, [24] defines a point-wise optimization problem to find
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the direction and length of the ellipsoid axes for each state
dimension. In [25], an incremental Lyapunov function with a
corresponding incrementally stabilizing feedback is precom-
puted offline and used by the MPC to construct the tubes
online. Moreover, this feedback action is then added to the
input computed by the MPC and applied to the system in
closed-loop. In [26] and [27], the zero-order Robust Opti-
mization (zoRO) [28], which uses ellipsoidal uncertainty sets
to robustify the constraints while neglecting their sensitivities
in the optimization, is used in an MPC setting with a pre-
computed static feedback. The Tube MPC in [29] uses a
boundary layer sliding mode controller for the ancillary control
law. Notably, it optimizes both the state trajectory and the
tubes at, however, a likely high computational cost as pointed
out in [28]. Also in the Stochastic Nonlinear MPC setting, a
prestabilizing infinite horizon LQR controller is added to the
control action to propagate uncertainties [30]. As an alternative
to the use of an ancillary controller altogether, [31] uses min-
max differential inequalities to obtain Linear Matrix Inequality
constraints which are added to the MPC optimization problem
to make the (ellipsoidal) tubes forward invariant.

The previously mentioned methods address the robust MPC
problem by proposing solutions on a spectrum with varying
degrees of complexity. For example, some methods trade per-
formance for simplicity by fixing the ancillary controller with a
static linear feedback [24]–[27], [30]. This helps in simplifying
the uncertainty propagation but can decrease the performance
if the system is not operating close to the linearization point.
More complex methods can instead provide strong robustness
theoretical guarantees, but they also typically have limited
practical applicability due to their computation time complex-
ity, which can exceed that of a standard non-robust MPC by
several orders, and their reliance on disturbance bounds that
can be challenging to certify [25], [31]. Motivated by these
considerations and the challenges posed by this problem, the
main goal of this work is to propose a computationally efficient
and tractable Robust MPC scheme that falls in the middle of
this spectrum.

To this end, we make use of the results of sensitivity analysis
of optimization problems [32], [33] to compute online the
equivalent gains of the MPC action, thus freeing from the
need for an (often) precomputed and unconstrained ancillary
controller, which does not necessarily capture well the effect
of the actual feedback action provided by the MPC scheme.
Crucially, this allows our proposed robust MPC scheme to
be aware of how the presence of hard constraints affects the
feedback action itself, making the uncertainty prediction more
accurate and potentially less conservative. Sensitivity analysis
has often been used in the MPC context, for instance in
differentiating MPC policies for learning purposes [34], or to
provide high-frequency feedback to apply during the sampling
interval in cases where the possibly complex MPC controller
cannot run sufficiently fast [15], [35]–[37]. Compared to these
works in which the MPC gains are only used for reactive con-
trol, we are instead interested in approximating the MPC feed-
back action over the whole prediction horizon for propagating
the closed-loop sensitivity. This requires the development of an
efficient way of computing the predicted MPC gains, enabling

the proposed method to be suitable for real-time use. It is
worth noting that numerical optimal control methods based
on the iterative Linear Quadratic Regulator (iLQR) naturally
provide linear feedback gains as a byproduct of the Riccati
recursion performed to solve the Optimal Control Problem
(OCP); see, e.g., [38] for the unconstrained case and [15],
[39] for the extension to equality and inequality constrained
problems. However, this requires using solvers based on the
iLQR method which, in the MPC setting, are usually limited
to treating inequalities as soft constraints.

Summary of contributions: We propose a method to ro-
bustify MPC control against parametric uncertainties in the
robot model by making use of sensitivity-based tubes. Since
the closed-loop sensitivity represents an accurate and easy-
to-obtain quantity to analyze the effects of the uncertainties
on generic nonlinear systems, the proposed MPC scheme can
be applied to complex robotic systems without having to
rely on hand-crafted robustness conditions or on unnecessary
simplifications of the robot model. Our main contributions are:

• The first application of the closed-loop sensitivity frame-
work to an online setting based on an optimization-based
controller, differently from all previous works on this
topic that instead leveraged a closed-form expression for
the control action;

• The formulation of a robust MPC scheme offering a
tractable and convenient approach for adding a robustness
layer to any standard, and possibly already available,
MPC controller. In this way, the safety and the per-
formance of the robot in executing an assigned task is
increased with a very minor computational overhead;

• In Sect. III-B (and in the proof in App. A), we present
a way of computing the MPC gains when using an
off-the-shelf Quadratic Programming (QP) solver and a
standard direct multiple shooting transcriptions of the
OCP, making the proposed method applicable to general
constrained MPC problems not necessarily relying on
specialized solvers;

• An extensive simulation campaign to showcase how the
introduction of input tubes improves the performance and
feasibility of the system under disturbances compared to
a standard MPC;

• An experimental validation on a quadrotor UAV with all
the computations performed on the onboard hardware,
thus demonstrating the real-world applicability of the
proposed method and further validating the numerical
results.

The rest of the paper is structured as follows. In Sect. II,
we introduce the notion of Closed-loop State Sensitivity and
review the MPC formulation. In Sect. III, we describe the
proposed robust MPC algorithm, and, in Sect. IV, we showcase
its application to two case studies involving a quadrotor
affected by model uncertainties, providing statistical simula-
tion results over multiple scenarios and experimental results
to demonstrate the real-world performance of the method.
Finally, we draw several conclusions and discuss possible
future directions in Sect. V. For reference, Tab. I reports the
notation used in the following.
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TABLE I
LIST OF SYMBOLS USED IN THE PAPER

Symbol Description
a Scalar
a Vector
A Matrix
Aij i-th row, j-th column element of A
a(t) Time-varying vector

ak = a(tk) Vector a evaluated at time tk

In Identity matrix of dimension n

1n n-dimensional vector of ones
0n n-dimensional vector of zeros
A† Moore-Penrose inverse of A

Ikj = {i ∈ N | j ≤ i ≤ k} Set of indices from j to k

∥ · ∥W 2-norm weighted by the matrix W

S3 Unit 3-sphere
q = [qw, qx, qy , qz ]T Quaternion
qv = [qx, qy , qz ]T Vector part of the quaternion

⊗ Quaternion product’s operator
∥qa − qb∥ = ∥(qa ⊗ q−1

b )v∥ Error quaternion norm
a× b = [a]×b Skew-symmetric cross product

a ≤ b
Element-wise inequality between the
two vectors a and b

II. PRELIMINARIES

In this section, we review the notion of closed-loop state
sensitivity (Sect. II-A) and its use for evaluating the tubes of
perturbed trajectories (Sect. II-B). We then briefly recall the
MPC formulation used in the rest of the paper (Sect. II-C).

A. Closed-loop Sensitivity

Consider a discrete-time1 dynamical system described by

xk+1 = f(xk,uk,p) (1)

under the action of a controller µ : Rnx × Rnp → Rnu

uk = µ(xk,pc), (2)

where xk ∈ Rnx and uk ∈ Rnu denote the state and input
vectors, p ∈ Rnp the (uncertain) model parameters, and
pc ∈ Rnp the nominal parameters used by the (possibly model-
based) controller. The combination of (1) and (2) determines
the closed-loop system{

xk+1 = f(xk,uk,p)

uk = µ(xk,pc)
(3)

and the map ϕk(x0) := ϕ(x0, tk) = xk denotes the solution
of (3) at time tk starting from an initial state x0 at t0. Given a
known initial state x0, the closed-loop trajectory of the system
will depend on the actual value of the parameters p. We denote
with x̄ the closed-loop trajectory obtained in the nominal case,
i.e., when p = pc, and with ū the associated nominal input
trajectory. In general, however, p ̸= pc because of parametric

1Since we are interested in designing a control system working in discrete-
time with a sampling time δt, we consider a discretized model obtained from
the continuous time dynamics ẋ = fc(x,u,p) by integrating it numerically
over the time interval [tk, tk+1) with tk+1 = tk + δt with constant inputs.

uncertainty and, therefore, the actual state/input trajectories
(x, u) will deviate from the nominal ones (x̄, ū).

Following [1], [2], we use the notion of closed-loop sen-
sitivity to describe how changes in the parameters affect the
system trajectories under the action of the controller. Define
the state sensitivity Π ∈ Rnx×np as

Πk =
dϕk(x0)

dp

∣∣∣∣
p=pc

. (4)

This quantity is evaluated around the nominal trajectory (i.e.,
the one obtained when p = pc) and represents a first-
order approximation of the effects of a parameter deviation
on the closed-loop state trajectory. For instance, a system
that is structurally less affected by a particular parameter, or
for which the controller is already able to compensate for
parameter inaccuracies, will present a smaller (in some norm)
closed-loop state sensitivity.

A closed-form expression for (4) is, in general, not available
but, as shown in [1], it is possible to obtain the following
update rule

Πk+1 =
dϕk+1(x0)

dp
=
df(ϕk(x0),uk,p)

dp

=
∂f

∂x

dϕk(x0)

dp
+
∂f

∂u

duk

dp
+
∂f

∂p

=
∂f

∂x
Πk +

∂f

∂u

duk

dp
+
∂f

∂p
, (5)

i.e., a discrete-time prediction model for the state sensitivity
Πk with initialization Π0 = 0 since the initial state is assumed
known and by definition ϕ0(x0) = x0.

From (5), we also define matrix Θ ∈ Rnu×np

Θk =
duk

dp
=
∂µ

∂x
Πk.

This matrix, denoted as input sensitivity, represents the indirect
effect of a parameter change on the control action by means
of feedback, which can be seen as a measure of how the input
in closed-loop will deviate from its nominal trajectory ū.

Finally, denoting with

Ak =
∂f

∂x

∣∣∣∣
x̄k,ūk,pc

Bk =
∂f

∂u

∣∣∣∣
x̄k,ūk,pc

, (6)

Mk =
∂f

∂p

∣∣∣∣
x̄k,ūk,pc

Fk|k =
∂µ

∂x

∣∣∣∣
x̄k,pc

, (7)

the closed-loop sensitivity prediction model (5) can be com-
pactly rewritten as

Πk+1 =
(
Ak +BkFk|k

)
Πk +Mk, (8)

Θk = Fk|kΠk. (9)

An interesting interpretation can be given to matrix Fk|k.
Suppose that the system deviates from the nominal state x̄k to
a perturbed state xϵ,k. Then, Fk|k represents the state feedback
gains of the first-order Taylor approximation of the control
law (2) since, for a small perturbation, the control action
uϵ,k = µ(xϵ,k,pc) can be expanded as

uϵ,k ≃ ūk + Fk|k(xϵ,k − x̄k).

This article has been accepted for publication in IEEE Transactions on Robotics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TRO.2025.3554415

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universita degli Studi di Roma La Sapienza. Downloaded on May 06,2025 at 09:25:37 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON ROBOTICS, VOL. XX, NO. X, XX 2025 5

With this in mind, we will refer to Fk|k as the (feedback) gains
of the controller.

Remark 1. The notation Fi|j is introduced to express the
dependence of the input at time ti on the state at a time tj ≤ ti.
This will become relevant in the MPC context (Sect. III-B)
where the predicted (future) input depends directly on the
initial condition.

Additionally, it is worth mentioning that, from (8) and (9),
one can also define the sensitivity of any function of the state
and inputs to characterize its local behavior to changes in the
parameters. Letting γ(x,u) ∈ Rnγ be a generic function, its
closed-loop sensitivity to parameters is simply:

Γk =
dγ

dp

∣∣∣∣
p=pc

=
∂γ

∂x
Πk +

∂γ

∂u
Θk. (10)

B. Tubes of perturbed trajectories

Exploiting the state sensitivity Π, it is possible to obtain
an ellipsoidal approximation of the bundle of the perturbed
trajectories for the states and the inputs (or for any function
of these quantities), as discussed in [7]. We here recall the
main steps.

Assume a (known) maximum parameter deviation ∆pmax

for each component of the vector p, that is, the parameters are
supposed to belong to the set

P = {p ∈ Rnp : −∆pmax ≤ p− pc ≤ ∆pmax} (11)

centered at the nominal value pc, and let W = diag(∆p2max,i).
To estimate the effect of a parameter deviation on the closed-
loop trajectory, we define a mapping from the parameter
space to the state space through ellipsoids. Let the parameter
ellipsoid with matrix W ∈ Rnp×np centered at pc be

Ep =
{
p ∈ Rnp : ∆pTW−1∆p ≤ 1

}
(12)

with ∆p = p − pc. Equivalently, let σp = W− 1
2∆p be the

scaled parameter deviation and

Sp =
{
σp ∈ Rnp : σT

pσp ≤ 1
}

(13)

the scaled parameter sphere. From a first-order approximation
around the nominal trajectory x̄, one has

∆xk = xk − x̄k ≃ Πk∆p = ΠkW
1
2σp (14)

which, assuming that p ∈ Ep ⊂ P , can be exploited to obtain
the corresponding uncertainty ellipsoid in the state space at a
given time tk. This is obtained by pseudo-inverting (14) for
mapping feasible state deviations2 to parameter deviations

σp =
(
ΠkW

1
2

)†
∆xk, (15)

from which, applying (15) to (13) and noting that
(ΠkW

1
2 )†T (ΠkW

1
2 )† =

(
ΠkWΠT

k

)†
, one obtains the

sought uncertainty ellipsoid in state space:

∆xT
k

(
ΠkWΠT

k

)†
∆xk ≤ 1. (16)

2We use the term feasible to highlight the fact that in case nx > np —
thus (14) is overdetermined — only state deviations which are in the range
space of Πk will provide an exact solution. This is however always the case
in our treatment since we assume that all state deviations satisfy (14).

Fig. 2. Qualitative visualization of a perturbed state trajectory x(t) (blue)
and the ellipsoidal tubes (red) centered around the nominal trajectory x̄(t)
(dashed black). Note how, in general, the tube radius does not necessarily
monotonically increase thanks to the presence of the feedback action, and
despite the cumulative effect of uncertainties over time. This effect can for
instance be appreciated in the results reported in [6] for what concerns state
and input tubes.

Moreover, the same reasoning applies to the input deviation
∆uk = uk − ūk resulting in the input space ellipsoid

∆uT
k

(
ΘkWΘT

k

)†
∆uk ≤ 1. (17)

Note that both the state and the input ellipsoids are time-
varying, as the respective sensitivities follow the evolution
given by (8) and (9). The evolution of these ellipsoids over
time is what we will refer to as state and input tubes in
the following. Under assumptions (12)–(14), the closed-loop
trajectories will evolve inside the tubes centered around the
nominal trajectory (see Fig. 2 for an illustrative example), that
is, the state/input at time tk will belong to their corresponding
ellipsoid at tk3. One can then make use of these tubes for
several purposes, e.g., for shaping the closed-loop trajectory
so that the state/input ellipsoids do not violate any state or
input constraint.

In many cases of interest, one needs to determine the
maximum deviation along a particular direction of interest
n in the state/input space (for instance, for evaluating the
deviation of a particular component of the state/input). Given
an ellipsoid with matrix K, the ellipsoid radius ρ along a
direction n can be obtained as [40]

ρn =
√
nTKn. (18)

Considering a set of directions of interest, one can then
compute the radius along each direction for obtaining a vector
of radii ρ which can be used as a measure of the worst-case
deviation of the system along these directions. For illustration
let us consider w.l.o.g. the case of input tubes. Once the
evolution of the input sensitivity Θ has been obtained, one can
compute the input ellipsoid matrix Ku

k = ΘkWΘT
k . Then,

3While this result formally holds for the approximate mapping (14), Monte
Carlo simulations in [7] have shown how the resulting tubes capture well
the ensemble of perturbed trajectories also for complex robots such as an
hexarotor. Furthermore, the validity of the state/input tubes has also been
confirmed in real experimental conditions.
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using (18) with n spanning the canonical basis of the input
space Rnu , it is possible to obtain

ρuj,k =
√
Ku

jj,k, ∀j ∈ Inu
1 , ∀k ∈ IN−1

0 . (19)

The quantities ρuj,k, collected in vector ρu
k , are the radii of

the input ellipsoid along each axis j and represent, therefore,
the worst-case deviations of each input component j w.r.t. its
nominal value due to parametric uncertainty. Note that, at the
start of the trajectory, ρu

0 = 0 by construction since Π0 = 0
and, therefore, Θ0 = 0.

The same reasoning can clearly be applied to the states
to find the associated radii from the state sensitivity (8) and,
using (10), to any function of the state and inputs to find its
worst-case deviation along the nominal trajectory.

C. Model Predictive Control

We briefly recall the classical MPC formulation and a few
details on its solution. The reader already familiar with these
notions can skip until (22) at the end of this section, noting
that we consider Optimal Control Problems (OCPs) in the form
(20) that can be approximately solved as the QP (22).

At each control instant tk, the MPC solves a constrained
trajectory optimization problem starting from the current state
xk over a prediction horizon [tk, tk+N ] for finding a sequence
of optimal inputs u∗ = (u∗

0, . . . ,u
∗
N−1) that generates the

optimal trajectory. The first input u∗
0 of this optimal sequence

is selected and commanded to the system until the next
feedback measurement x̂k+1 at time tk+1 = tk + δt becomes
available for repeating the procedure.

At each instant, the MPC solves the following OCP

min
u

N−1∑
i=0

ℓ(xi,ui) + ℓN (xN )

s.t. x0 = x̂k

xi+1 = f(xi,ui,pc) ∀i ∈ IN−1
0

g(xi,ui) ≤ 0 ∀i ∈ IN−1
0

(20a)

(20b)

(20c)

(20d)

where ℓ(xi,ui) and ℓN (xN ) in (20a) denote the running and
final costs, respectively. The problem is subject to the initial
state constraint (20b), the dynamics constraint (20c) (evaluated
at the nominal parameters pc), and possibly to some nonlinear
path constraints4 g(xi,ui) ≤ 0 (20d).

Remark 2. In the MPC formulation, note how the subscript
i refers to the predicted time of the trajectory over the control
horizon with tk+i ∈ [tk, tk+N ] (for i = 0, . . . , N ), that is
always reset to zero at each MPC iteration. On the other hand,
the subscript k on the time tk and the current state x̂k refer
to the actual time of the closed-loop system evolving with the
dynamics (3).

In order to solve the trajectory optimization problem we em-
ploy a direct multiple shooting transcription [41] and choose

4Note that, although we use this particular formulation to carry out the
analysis throughout the paper, one can easily recast different kinds of con-
straints (such as double-sided constraints) in this form or adapt the derivations
to account for, e.g., additional equality constraints.

w = (x,u) = (x0, . . . ,xN ,u0, . . . ,uN−1), consisting of
the state and the input trajectories, as the decision variables.
The resulting problem is in general a non-convex Nonlinear
Program (NLP) due to the nonlinear dynamics and the possibly
non-convex inequality constraints. In an MPC context, the
time-budget to solve the optimization problem is at most
the sampling time δt, and reducing the control delay is of
paramount importance. For this reason, we employ the Real-
Time Iteration scheme (RTI) [42], which consists in perform-
ing one quasi-Newton step for solving (20) at each control cy-
cle, appropriately linearizing the optimization problem around
the current solution guess w̄ = (x̄, ū) obtained from the
solution computed at the previous time instant, and solving a
Quadratic Program (QP). The cost function is assumed to be in
the usual least-squares form, for which we define the compact
notation

∑N−1
0 ℓ(xi,ui)+ℓN (xN ) = 1

2 ∥R(w)∥2 through the
residual vector R(w). This allows using the Gauss-Newton
Hessian approximation [43] which represents a simple to
compute and multiplier-free alternative to the evaluation of the
exact Hessian of the problem. To this end, define the decision
variables vector for the QP as ∆w = w − w̄. The MPC
controller then solves the following QP:

min
∆w

1

2
∆wTH∆w + cT∆w

s.t. ∆x0 + x̄0 − x̂k = 0

∆xi+1 −Ai∆xi −Bi∆ui + fi = 0 ∀i ∈ IN−1
0

Ci∆xi +Di∆ui + gi ≤ 0 ∀i ∈ IN−1
0

where

H =
∂R

∂w

∣∣∣∣T
w̄

∂R

∂w

∣∣∣∣
w̄

c =
∂R

∂w

∣∣∣∣T
w̄

R(w̄)

Ai, Bi from (6) fi = x̄i+1 − f(x̄i, ūi,pc)

Ci =
∂g

∂x

∣∣∣∣
x̄i,ūi

Di =
∂g

∂u

∣∣∣∣
x̄i,ūi

gi = g(x̄i, ūi).

(21)
To write the QP problem in a compact form, we stack and
group the equality and inequality constraints into matrices
E and G, respectively, and we define η(x̂k) = (x̄0 −
x̂k,f0, . . . ,fN−1) and g = (g0, . . . , gN−1). In this way,
everything can be expressed with respect to the decision
variables vector ∆w:

min
∆w

1

2
∆wTH∆w + cT∆w

s.t. E∆w + η(x̂k) = 0
G∆w + g ≤ 0.

(22)

In the previous equations, E and G are sparse matrices with
block diagonal non-zero entries (see, e.g., [44]). This structure
can be exploited by sparse QP solvers to efficiently compute
the solution to the problem.

By solving this problem at each control instant, the MPC
algorithm computes an optimal state and input trajectory w∗ =
w̄+∆w∗ from the current state at time tk to the end state at
time tk+N . Let us partition the output of the MPC controller
as

w∗(x̂k,pc) =

x∗
i

u∗
0

u∗
i

 ∀i ∈ IN0

∀i ∈ IN−1
1

, (23)
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which renders explicit the control action u∗
0 to be applied

to the system, the predicted optimal input trajectory u∗
i , and

the associated state trajectory x∗
i , respectively. Note that the

MPC solution is essentially an open-loop trajectory to be
applied to the system with no information on the behavior
of the controller in case of disturbances that would make
it deviate from the plan. The goal of the next section is to
show how the main results of parametric optimization can
be exploited to approximate the control policy in the vicinity
of the predicted trajectory, and how this information can be
leveraged to improve the robustness of the MPC controller
against model uncertainties.

III. THE PROPOSED APPROACH

The safety and performance of the closed-loop system
(robot + MPC controller) are subject to two main conditions:
(i) the ability of the MPC to find a feasible solution and remain
feasible during motion, and (ii) the satisfaction of the con-
straints in closed-loop, i.e., whether or not predicting satisfac-
tion of a constraint will result in its actual satisfaction during
motion. As previously discussed, a discrepancy between the
real parameters p of the robot and the nominal parameters pc

used by the MPC controller can result in a divergence between
the actual closed-loop trajectory and the one generated in the
MPC prediction phase. In general, the MPC will cope with this
discrepancy by searching for an alternative (but still feasible)
optimal solution and satisfaction of the state/input constraints
plays a crucial role in the determination of the feasibility of
this MPC “corrective” action.

The idea behind our approach is to use the closed-loop
sensitivity (and related quantities) to generate an appropriate
time-varying restriction of the constraints over the prediction
horizon that can improve feasibility also in the presence of
model uncertainties which could degrade the prediction ability
of the MPC. This naturally introduces a possible trade-off
between robustness and performance that will be discussed
in the results of Sect. IV.

A. Formulation

The proposed MPC scheme, denoted as Sensitivity-aware
Tube MPC (ST-MPC), consists of two main steps: (i) The
sensitivity of the solution guess is evaluated using (8) and (9),
from which the sensitivity-based tube radii are obtained as in
(19) to find the worst-case predicted constraint deviation; (ii)
When the feedback for the current state x̂k is available, the
following optimization problem

min
u

N−1∑
i=0

ℓ(xi,ui) + ℓN (xN )

s.t. x0 = x̂k

xi+1 = f(xi,ui,pc) ∀i ∈ IN−1
0

h(xi,ui) + ρh
i ≤ 0 ∀i ∈ IN−1

0

umin + ρu
i ≤ ui ≤ umax − ρu

i ∀i ∈ IN−1
0

(24)
is solved by approximating it as a QP using the RTI method
described in Sect. II-C. Note how, in (24), the constraints are

reduced by the tube radii ρh
i (being the tube radii for the task

constraint function h(x,u)) and ρu
i that act as back-off terms

to account for the effects of parametric uncertainty. These are
obtained by following the procedure described in Sect. II-B for
the input case, and by simply repeating the same procedure
on the sensitivity of any function h(x,u) of interest for the
case of generic task constraints. Once the optimal solution is
found, the input u∗

0 is sent to the system and the algorithm is
repeated.

In order to compute the tube radii ρ =
(
ρh, ρu

)
from

the state and the input sensitivities Π and Θ, one must first
determine the feedback gains Fk|k of the MPC controller that
describe how the solution of (24) varies w.r.t. changes in x̂k.
This step is not straightforward and the following Sect. III-B
details the proposed procedure for obtaining the term Fk|k.
Finally, Sect. III-C provides a detailed description of the final
algorithm.

B. Computing the MPC feedback gains

Consider the QP problem (22) and denote its optimal
solution as y∗ = (∆w∗,λ∗,µ∗), collecting the primal and
dual variables. The MPC feedback gains are obtained by
differentiating the optimal solution y∗ and extracting the
components relative to the first input u∗

0. In fact, note how
the whole optimization problem can be seen as a function of
the initial state x̂k and of the nominal model parameters pc.
Under mild regularity assumptions [32], [35], [45], one can
compute the sensitivities as

dw∗(x̂k,pc)

dx̂k
=


dx∗

i

dx̂k
du∗

0

dx̂k
du∗

i

dx̂k

 =


Pk+i|k

Fk|k

Fk+i|k


∀i ∈ IN0

∀i ∈ IN−1
1

(25)

by applying the implicit function theorem (IFT) to the
first-order optimality conditions of the problem, and noting
that by definition dw∗

dx̂k
= d∆w∗

dx̂k
. More in detail, assume

that the Linear Independence Constraint Qualification (LICQ),
the Second-Order Sufficient Conditions (SOSC), and Strict
Complementarity (SC) hold at the solution y∗ (we refer to
[46] for definitions, and to [36] for a discussion on the role of
these conditions and their possible relaxations). The optimal
solution of (22) is characterized by the Karush-Khun-Tucker
(KKT) optimality conditions:

R(y, x̂k)|y∗ =

H∆w∗ + c+ETλ∗ +GT
Aµ

∗
A

E∆w∗ + η(x̂k)
GA∆w∗ + gA

 = 0,

(26)
where subscript A denotes the set of active inequality con-
straints at the solution y∗. Under the conditions stated above,
we can apply the IFT to (26) and differentiate with respect to
x̂k to obtain

d

dx̂k
R(y(x̂k), x̂k)|y∗ = 0,

∂R
∂y

dy

dx̂k
+
∂R
∂x̂k

= 0, (27)
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so that
dy

dx̂k
= −

(
∂R
∂y

)−1
∂R
∂x̂k

. (28)

Note that ∂R
∂y , being the Jacobian of the KKT conditions

(26), is nothing else than the KKT matrix of the QP, i.e.,

K∗ =
∂R
∂y

=

 H ET GT
A

E 0 0
GA 0 0

 . (29)

A crucial point here is that this quantity is already available
from the construction of the QP problem (22), having lin-
earized around the solution guess (x̄, ū), by simply removing
the rows of G relative to the inactive constraints. We also note
that, in the general case, the inversion of the (large) matrix
K∗ could have a non-negligible computational cost. However,
this is not the case in our context thanks to its structured
sparsity, which then allows to efficiently invert matrix K∗ and
solve (27) by relying on efficient factorization and solution
algorithms for sparse linear systems. Recalling (25), it is then
trivial to extract the quantities

Fk|k, Fk+i|k, and Pk+i|k (30)

from (28), which correspond to the sensitivities of the control
input u0, of the predicted inputs, and of the predicted states
w.r.t. x̂k.

We note, however, that the evaluation of the sensitivity (8)
over the prediction horizon of the MPC requires the avail-
ability of the controller gains Fk|k over the whole future
horizon, that is, availability of Fk+i|k+i, ∀i ∈ IN−1

1 . These
quantities represent the sensitivity of the future inputs uk+i

with respect to a variation in the future state x̂k+i and they
are unfortunately not directly available from (30) that only
provides the sensitivity of the full MPC solution with respect
to the current state x̂k. At first glance, the computation of
Fk+i|k+i, i ∈ IN−1

1 would require to solve (26–30) for each
i ∈ IN−1

1 , which would quickly become computationally
unfeasible in the typically short time available. To circumvent
this problem, we instead employ an approximation of the
future gains exploiting the information on the future inputs
provided by the parametric sensitivity of the MPC. In fact,
once the full MPC sensitivity (30) has been obtained, one
can utilize the sensitivity of the future states and inputs to
approximate the future gains relative to the current prediction
horizon as

Fk+i|k+i ≃ F̃k+i|k+i =
dui

dxi
= Fk+i|kP

−1
k+i|k ∀i ∈ IN−1

1 ,

(31)

which represents the predicted gains at the optimal solution,
i.e., how a change in the predicted state xi would affect the
input ui at that time. These gains play a similar role to the
Riccati gains of a finite-horizon LQR and approximate well the
MPC receding horizon mechanism for short periods of time,
while larger approximation errors can occur at the end of the
horizon. Since the sensitivities computed w.r.t. the initial state
x̂k are updated at each iteration, the approximation error is in
practice minimal and, thus, the gains F̃k+i|k+i in (31) provide
an excellent replacement for Fk+i|k+i with the advantage of

being computationally very efficient and suitable for real-time
use.

A detailed proof of Eq. (31) is provided in App. A. However,
a sketch is proposed here for the reader’s convenience. The IFT
can be applied to the KKT conditions (26) using as explicit
variable any element xi of the state trajectory, from which it
would be straightforward to compute the sensitivity F̃k+i|k+i

with respect to that state similarly to (28). However, this
requires inverting, for each i, a large matrix obtained by differ-
entiating (26) with respect to the remaining implicit variables,
which would make it computationally expensive. Instead, by
noting that this matrix can be written as a rank-nx correction to
matrix K∗ (29), one can utilize the Woodbury matrix identity
[47] for obtaining an efficient formula to compute F̃k+i|k+i.
Moreover, after some simplifications related to the structure
of the problem, it is possible to extract (31), making explicit
the dependence on the previously computed sensitivities.

Remark 3 (Active constraints selection). The MPC sensitivity
(25) depends on the (strongly) active constraint set A which
characterizes which inequality constraints are affecting, lo-
cally, the solution of the optimization problem y∗. In fact,
the procedure essentially treats active inequality constraints
as equality constraints that have to be satisfied even when
the solution is perturbed. Ultimately, we are interested in
computing the MPC gains, that is, how the current and future
inputs might deviate from the optimal solution due to the
perturbations of the initial state. To do so, it is in general
possible to trivially select all the active constraints at the
solution by looking at the multipliers µ∗. Being the future
input constraints over the prediction horizon restricted by the
tubes, these can, in general, be active even if the input uk+i

is not saturated to umax (or umin) due to a tube radius
ρu
k+i > 0. On the other hand, as the MPC controller works

with a receding horizon approach, the actual future input
uk+i (i.e., the first input of the solution of the problem at
time tk+i) will not experience this restriction and it will have
to satisfy only the nominal input constraint. If all the future
active constraints were selected in the MPC sensitivity (25)
calculation, this would result in gains that underestimate the
system’s ability to respond to disturbances, producing larger
and more conservative tubes. To avoid this, we select the active
constraint set A by neglecting the input constraints which are
only active with ρu > 0. All the other constraints, e.g., state
constraints to perform obstacle avoidance, are instead taken
into account.

Remark 4 (KKT regularization). In some instances, although
the optimization problem is feasible, the KKT matrix might be
ill-conditioned or singular due to the LICQ condition not being
satisfied at the solution. Most solvers rely on regularization
techniques to still be able to produce a solution. In our case,
this is necessary for computing the MPC sensitivity. Therefore,
we employ a proximal regularization of the Lagrange multipli-
ers of the active inequality constraints [48], [49]. Recall the
KKT matrix K∗ (29) and note that by construction the block[

H ET

E 0

]

This article has been accepted for publication in IEEE Transactions on Robotics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TRO.2025.3554415

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universita degli Studi di Roma La Sapienza. Downloaded on May 06,2025 at 09:25:37 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON ROBOTICS, VOL. XX, NO. X, XX 2025 9

is assumed full rank. In order to regularize the matrix we
apply a proximal regularization, obtaining the augmented
Lagrangian LA(∆w,λ,µA) = L(∆w,λ,µA) − ϱ

2∥µA −
µ∗

A∥2Λ−1 , where Λ = diag(µ∗
A), ϱ > 0, which results in a

damping term in the bottom right block as

K∗
reg =

 H ET GT
A

E 0 0
GA 0 −ϱΛ−1

 . (32)

In practice, this can be interpreted as a normalized constraint
relaxation that minimizes the Lagrange multipliers variation
[50], ensuring that the KKT matrix is non-singular so that the
MPC gains (31) can be computed.

C. The ST-MPC algorithm

With reference to Algorithm 1, we can now describe in
detail the various steps of the full ST-MPC scheme. First, we
perform an offline initialization of the controller and prepare
the QP for its next iteration (lines 1-4). While online (lines 6-
10), we divide the solution of the problem into two phases: (i)
a feedback phase (lines 6-7), in which the QP is solved when
the current state becomes available, and (ii) a preparation
phase (lines 8-10), in which the tubes are computed and
the QP for the next iteration at tk+1 is constructed on the
basis of the current solution guess (x̄, ū). Note that, while
the feedback phase needs to be performed when the current
state x̂k becomes available, the preparation phase for the next
iteration of the scheme at tk+1 does not require knowledge of
next state x̂k+1, and it can thus be performed just after having
sent the input command to the system (line 7), reducing the
control delay of the scheme [43].

In more detail, Alg. 1 can be described line-by-line as
follows:

L1 At the initial state x̂0, start from a trivial initial guess
(x̄, ū) and ρ ≡ 0, and solve the problem to find a
feasible solution without considering the constraint
restrictions from the tubes;

L2 Compute the sensitivity of the MPC (28) and the
future gains using (31). Propagate the state and input
sensitivities Π and Θ via (8–9), and compute the
evolution of the tube radii ρ over the predicted
trajectory using (19);

L3-4 Prepare the QP for the next feedback phase, evalu-
ating all the derivatives and residuals (21), but this
time by including the tubes;

L6-7 Given the current state x̂k, solve optimization prob-
lem (24) by solving the associated RTI-QP (22) and
send the control action u∗

0 to the robot;
L8 Compute the tube radii ρ as in L2;

L9-10 Shift the solution one step in time and prepare the
QP for the next feedback phase.

IV. APPLICATION TO QUADROTOR MOTION CONTROL

In order to demonstrate the effectiveness of the proposed
ST-MPC algorithm, we present here a series of tests involving
the control of a Quadrotor Unmanned Aerial Vehicle (UAV)
subject to parametric uncertainty. Indeed, quadrotors are a very

Algorithm 1: ST-MPC

1 x∗,u∗,λ∗,µ∗ ← Initialize(x̂0)
2 ρ← ComputeTubes(x∗,u∗,λ∗,µ∗)
3 x̄, ū← x∗,u∗

4 PrepareQP(x̄, ū,ρ)
5 while running do
6 x∗,u∗,λ∗,µ∗ ← SolveQP(x̂k)
7 SendCommand(u∗

0 )
8 ρ← ComputeTubes(x∗,u∗,λ∗, µ∗)
9 x̄, ū← ShiftSolution(x∗,u∗)

10 PrepareQP(x̄, ū,ρ)
11 end

popular robotic platform capable of agile and/or aggressive
maneuvers but, at the same time, they are also typically
subject to some unavoidable degree of uncertainty in their
dynamical model because of, e.g., complex aerodynamics
(resulting in uncertain drag/thrust coefficients), or uncertain
location of the center of mass (CoM). Moreover, the full 3D
quadrotor dynamics is highly nonlinear, which then contributes
to showcasing the applicability of our framework to non-trivial
systems.

The formulation (24) is quite general and includes both in-
put saturation constraints umin ≤ u ≤ umax and more generic
input/state constraints h(x,u) ≤ 0 with their corresponding
tubes. However, in the following case studies we only consider
tubes on the input constraints since, in many instances, input
constraints are the main limiting factor for finding a feasible
solution that also satisfies other task constraints. Indeed, in
many applications, presence of task constraints alone does
not threaten the recursive feasibility of the MPC which,
given “infinite” control authority, is virtually able to always
find a feasible solution. Also when only actuation limits
are present, for instance when MPC is used as a reference
tracking controller (as in the first of the following case studies),
input constraints are still the ones ultimately determining
the performance of the system during the most aggressive
maneuvers (minimization of the tracking error typically tends
to increase the control effort which is limited by the input
constraints).

Note also that, even if we opted for directly controlling
the speed of each rotor within the MPC controller (requiring
high-frequency feedback), our framework could easily accom-
modate the presence of any low-level controller, treating the
MPC more as a high-level planner. This would be obtained by
including the controller dynamics in the sensitivity computa-
tion as already done in, e.g., [8].

The rest of this section is structured as follows: in
Sect. IV-A, we present the employed model of a 3D Quadrotor
UAV with shifted CoM. Then, in Sect. IV-B, we describe
the two test scenarios: (i) tracking of aggressive trajectories;
and (ii) navigation through a narrow aperture, and we discuss
the associated ST-MPC formulation. For each scenario, we
performed a comparative statistical analysis (Sect. IV-D1 and
Sect. IV-D2). In the first scenario, where only input constraints
are present, we highlight how the proposed ST-MPC enhances
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the accuracy by reducing unwanted input saturations. In the
second scenario, we (purposely) introduce a strict positional
constraint that significantly limits the robot’s motion. This
constraint can cause failures due to input saturations if uncer-
tainties are not properly accounted for. By using ST-MPC we
then show how our approach enhances the controller feasibil-
ity, thereby increasing the overall success rate. In Sect. IV-E,
we report the results of several experiments obtained while
tracking aggressive trajectories with the proposed method.
Finally, in Sect. IV-F, we study the computational complexity
of the algorithm when applied to this problem and discuss
some implementation details.

A. Quadrotor Model

We consider a 3D quadrotor model with displaced center of
mass (CoM) [51]. Let FW = {OW ,xW ,yW , zW} denote the
world inertial frame, and FB = {OB,xB,yB, zB} represent
the body frame attached to the quadrotor geometric center.
We define: r = (x, y, z) ∈ R3 as the drone position in
FW , v = (vx, vy, vz) ∈ R3 as its linear velocity in FW ,
q = (qw, qx, qy, qz) ∈ S3 as the unit-norm quaternion
representing the orientation of FB relative to FW , and
ω = (ωx, ωy, ωz) ∈ R3 as the angular velocity of FB with
respect to FW , expressed in FB. The quadrotor state vector
is then x = (r,v, q,ω) ∈ R6 × S3 × R3.

Let wi be the angular speed of the i-th propeller and
define the quadrotor control input as u = (w2

1, . . . , w
2
4). An

allocation matrix T is used to relate the inputs u to the
thrust/torques (f, τ ) in body frame:[

f
τ

]
= T (l, kf , km)u, (33)

where T is a function of the length of the quadrotor arms l
(specifically of the propellers’ positions in the body frame)
and of the thrust and the drag aerodynamic coefficients of
the propellers kf and km [51], [52]. We assume that a
payload of mass mp is attached to the quadrotor with mass
mr at a position dp = (0, 0, dz) in FB, with the total
mass then being m = mr + mp. We denote with J =
diag

(
Ixx +mpd

2
z, Iyy +mpd

2
z, Izz

)
∈ R3×3 the quadrotor

body frame inertia matrix about the geometric center OB,
and with Ixx, Iyy, Izz the principal moments of inertia along
the x, y, z axes of the robot body frame, respectively. We
finally consider that the quadrotor center of mass GB is
displaced w.r.t. the geometric center OB by a displacement
denoted as gC = (gx, gy, gz) in FB. With these settings,
in the subsequent derivations, the set of parameters that are
supposed to be uncertain is p = (gx, gy, gz, mp) ∈ R4. This
is motivated by a series of empirical results and previous works
on this topic, such as [2], [3], [5], [8], which highlighted how
uncertainties in these parameters are, in practice, the most
important ones in affecting the closed-loop performance of
a drone, as opposed to, for instance, the thrust coefficients5

5Note that the sensitivity w.r.t. the considered parameters is at least one
order of magnitude higher than the other ones, also taking into account the
typical expected parameter deviation.

TABLE II
NOMINAL QUADROTOR MODEL PARAMETERS

Symbol Value
Simulations Experiments

mr 1.535 kg 1.420 kg
mp 0.2 kg 0.2 kg
gC (0, 0, 0) m (0, 0, 0) m

Ixx, Iyy 0.029 kg·m2 0.022 kg·m2

Izz 0.055 kg·m2 0.020 kg·m2

kf 5.86·10−6 N/(rad/s)2 5.9·10−4 N/Hz2

km 0.06 0.017
l 0.28 m 0.23 m
dz 0.15 m 0.15 m

From [51], the total force f tot acting on the quadrotor in
FB includes the propeller total thrust f , gravitational effects,
and an additional fictitious force due to the displaced gC :

ftot = fzW −mgR(q)TzW −m[ω]×[ω]×gC ,

where R(q) ∈ SO(3) is the rotation matrix associated to the
quaternion q. For the total torque τtot (expressed in FB), one
has:

τtot = τ −mg[gC ]×R(q)TzW − [ω]×Jω,

where τ represents the propeller torque from (33). Pre-
multiplying by the inverse spatial inertia matrix one can finally
obtain the robot accelerations[

ν
α

]
=

[
mI3 −m[gC ]×

m[gC ]× J

]−1 [
ftot
τtot

]
from which the quadrotor dynamic model with a displaced
center of mass can be obtained as

ẋ = fc(x,u,p) =



ṙ = v

v̇ = R(q)ν(x,u,p)

q̇ =
1

2
q ⊗

[
0
ω

]
ω̇ = α(x,u,p)

. (34)

The continuous-time dynamics (34) is then discretized using
a fixed-step 4th order Runge-Kutta integration to obtain the
discrete-time model. All nominal parameters are reported in
Table II6.

B. Test scenarios

We now describe the two case studies.
1) Tracking of aggressive trajectories: The first task con-

sists of tracking a trajectory defined by a series of way-
points Wd ∈ R3, assumed to be generated by an external
planner guiding the quadrotor through the environment. The
desired trajectory is obtained by linear interpolation of the
waypoints with constant velocity, resulting in a position and
velocity trajectory (rd(t), ṙd(t)). As for the orientation (yaw)
we consider two possibilities: (i) keeping a constant yaw
angle with a desired orientation qd(t) ≡ q0 = (1, 0, 0, 0)
or (ii) keeping the yaw direction of the quadrotor always

6For the simulation, these follow the 3DR Iris drone parameters reported in
the PX4 Gazebo package https://github.com/PX4/PX4-SITL gazebo-classic

This article has been accepted for publication in IEEE Transactions on Robotics. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TRO.2025.3554415

© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Universita degli Studi di Roma La Sapienza. Downloaded on May 06,2025 at 09:25:37 UTC from IEEE Xplore.  Restrictions apply. 



IEEE TRANSACTIONS ON ROBOTICS, VOL. XX, NO. X, XX 2025 11

TABLE III
MPC SETTINGS FOR TRAJECTORY TRACKING

Symbol Value
Simulations Experiments

δt 0.02 s 0.025 s
N 25 20
Qr 80 I3 10 I3
Qv 2 I3 I3
Qq diag(10−2, 10−2, 1) diag(0.1, 0.1, 5)

Qω 10−2 I3 10−2 I3
Qu I4 I4
ϱ 10−2 10−2

∆pmax (0.04, 0.04, 0.02, 0.1) (0.03, 0.03, 0.02, 0.05)

pointing towards the upcoming waypoint, i.e., by setting
ψd(t) = atan2(ẏd(t), ẋd(t)) which results in a desired orien-
tation qd(t) = (cos(ψd(t)/2), 0, 0, sin(ψd(t)/2)). This latter
possibility is meant to increase the actuation effort during
tracking and, therefore, the chances of incurring in actuation
saturation.

By construction, these trajectories have discontinuous Carte-
sian velocities — due to the linear interpolation between the
waypoints that are not continuous — and are thus not initially
dynamically feasible. As typical in these cases, we rely on
the MPC scheme for generating online a feasible motion
that tracks at best the various trajectory segments. This is
obtained by designing the cost function of the MPC controller
to minimize the position, velocity, and orientation tracking
errors together with a regularization term on the angular
velocity ω for smoothing, and with a feedforward input equal
to the nominal hovering condition uh = mg

4kf
14. Letting the

desired state and input be xd(t) = (rd(t), ṙd(t), qd(t),03)
and ud(t) = uh, the running cost then takes the form
ℓ(x,u) = ℓx + ℓu, ℓN (x) = ℓx with

ℓx = ∥r − rd∥2Qr
+∥v − ṙd∥2Qv

+∥q − qd∥2Qq
+∥ω∥2Qω

,

(35a)

ℓu = ∥u− uh∥2Qu
. (35b)

The weights used in all the experiments of this scenario as
well as the standard MPC settings are reported in Tab. III.

2) Passing through a narrow aperture: In the second sce-
nario, illustrated in Fig. 3, the robot is tasked with reaching
a position goal rsp ∈ R3 placed on the opposite side of an
aperture while avoiding collisions with the aperture lower and
upper sides. This is encoded as a constraint on the z-position
of the robot that is activated when the horizontal position (x,
y) is inside the aperture.

The cost function of the MPC problem is designed to make
the system generate the required motion autonomously based
only on the desired final state xd = (rsp,03, q0,03) and the
hovering input uh as available information. Again, the running
cost takes the form ℓ(x,u) = ℓx + ℓu, ℓN (x) = 10 ℓx with

ℓx = ∥r − rsp∥2Qr
+∥v∥2Qv

+∥q − q0∥2Qq
+∥ω∥2Qω

, (36a)

ℓu = ∥u− uh∥2Qu
. (36b)

The weights used in all the experiments of this scenario as
well as the common MPC settings are reported in Tab. IV.

Fig. 3. Stroboscopic view of the quadrotor reaching the desired target (red)
while passing through the aperture (safe region in light blue) with nominal
parameters.

TABLE IV
MPC SETTINGS FOR REGULATION

Symbol Value
δt 0.02 s
N {25, 35}
Qr I3
Qv {2, 5} · 10−2 I3
Qq 10−2 I3
Qω 10−2 I3
Qu 0.5 I4
ϱ 10−2

∆pmax (0.02, 0.02, 0.01, 0.1)

In order to avoid collisions with the environment, we design
task constraints that limit the position of the quadrotor when
passing through the aperture. Let Afp ⊂ R2 be the (x, y)
projection of the aperture on the ground, hz the z coordinate
of the center of the aperture, and az > 0 the maximum
deviation that the center of the robot can safely sustain from
hz . Moreover, let the task constraint function be

ha(x) =

{
z − hz if (x, y) ∈ Afp
0 otherwise .

Then, the double-sided constraint

−az ≤ ha(xi) ≤ az ∀i ∈ IN1 , (37)

expressed in a form compatible with (24)

h(xi,ui) =

[
ha(xi+1)− az
−ha(xi+1)− az

]
, (38)

is able to encode the desired collision avoidance behavior.

C. Application of ST-MPC and comparison with alternative
methods

We apply the proposed ST-MPC to the two above-mentioned
test scenarios following the procedure detailed in Sect. III-C.
For the second scenario, where the state constraint (37) is
present, we neglect the associated tube by setting ρh = 0
as explained at the beginning of the section. Indeed, (37) is
a stringent positional constraint that has to be active while
the quadrotor is passing through the aperture. Since the tubes
are fixed at each iteration of the algorithm, introducing an
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additional restriction might be counterproductive and actually
lead to infeasibility, as the MPC has no direct way of reducing
the tube cross-section to clear the aperture. On the other hand,
the input tubes radii ρu will still account for the constraint
being active, providing a sufficient level of robustness as
demonstrated by the results in Sect. IV-D2.

The controller is then obtained as the solution of the
following OCP:

min
u

N−1∑
i=0

ℓ(xi,ui) + ℓN (xN )

s.t. x0 = x̂k

xi+1 = f(xi,ui,pc) ∀i ∈ IN−1
0

h(xi,ui) ≤ 0 ∀i ∈ IN−1
0

umin + ρu
i ≤ ui ≤ umax − ρu

i ∀i ∈ IN−1
0

(39)
with the cost function being either (35) or (36), the quadrotor
dynamic model discretized from (34), the task constraint (38)
for the second scenario, and the input saturation constraints
for both scenarios.

For each scenario, we performed a comparative analysis
of the performance between the proposed ST-MPC and a
standard (non-robust) MPC controller denoted in the following
as standard MPC, obtained by neglecting the input tubes (i.e.,
by setting ρu

i = 0). This is meant to highlight the benefits
of considering the additional constraint restrictions from the
tubes on the performance and safety of the system.

Moreover, we are also interested in showing how the use of
the full sensitivity analysis of the KKT conditions described
in Section III-B — which accounts for the presence of active
state constraints — is crucial for the success of the ST-MPC
scheme. In fact, one might wonder whether the use of an
unconstrained approximation of the feedback action of the
controller, similar to applying a pre-stabilizing action like
the methods using an unconstrained ancillary controller (cfr.
Sect. I), could already provide enough information to compute
the tubes. We then build such an approximation by neglecting
all the active inequality constraints in the KKT conditions (26)
and by computing the feedback gains (31) from this reduced
system. In analogy to the iterative Linear Quadratic Regulator
(iLQR), which yields similar gains over the prediction horizon,
we then denote this variant as ST-MPC-LQR. We stress that
this ST-MPC-LQR variant is introduced only as a mean to
provide an additional baseline for comparison in the second
test scenario, where accounting for the positional constraint
proves to be essential to obtain the maximum performance. On
the other hand, since the ST-MPC-LQR variant is essentially
equivalent to ST-MPC when only input constraints are present,
we ignore it for comparison in the first test scenario.

In addition to the aforementioned standard non-robust
MPC controller, we also performed a comparison against
zoRO [26]–[28], another state-of-the-art robust MPC algo-
rithm. Similarly to our approach, these works propose an
approximate solution to robust optimal control problems based
on ellipsoidal uncertainty sets that are propagated around the
initial guess, yielding fixed backoff terms in the constraints.
The main difference with our work lies in the uncertainty

propagation and in how the uncertainty itself is modeled. In
fact, the zoRO MPC problem takes the same form as in (39)
but with the equivalent of our tube radius computed (in the
case of input constraints, for instance) as

ρuj,k =
√
eTj KΣkKTej

instead of (19), with

Σk+1 = (Ak +BkK)Σk(Ak +BkK)T +Nk, Σ0 = 0,
(40)

where K is a pre-computed feedback gain matrix and Nk a
positive-definite additive noise covariance-like matrix.

In order to perform a fair comparison and at the same time
try to replicate a suitable implementation of zoRO, we have
chosen as gain matrix K the equivalent MPC gain F0|0 of
our MPC controller computed while regulating around the
hovering condition (to mimic an LQR controller), and we have
set Nk = MkWMT

k to consider a structured uncertainty
as close as possible to the one introduced by the parameter
perturbations. It should be noted that the performance of
zoRO can certainly be affected (positively or negatively) by
these user-defined design parameters: this is, in our opinion,
another disadvantage when compared to our proposed method
for which the selection of similar quantities is automatic or
guided by physical considerations (e.g., range of variation of
model parameters).

D. Simulation results

We now present some statistical results to illustrate how the
introduction of the input tubes improves the tracking perfor-
mance, the feasibility, and thus the safety of the system. The
simulations have been performed by integrating numerically
the quadrotor dynamics (34) with various combinations of the
parameters p and the controller running at 50 Hz.

The accompanying video provides a visualization of the
various simulations.

1) Tracking of aggressive trajectories: Two trajectories,
denoted as A and B in Fig. 4 and Tab. V and having
an average speed of circa 1 m/s and 1.5 m/s respectively,
have been tracked repeatedly by selecting 450 parameter
perturbations ∆p ∈ P (see (11) in a grid, with ∆pmax =
(0.04, 0.04, 0.02, 0.1), and by employing either the ST-MPC
(with input tubes), the standard MPC (without input tubes),
or the zoRO controllers. Note that some of the parameter
deviations generated in P will lie outside the corresponding
ellipsoid Ep. Therefore, the effect of their perturbation on the
closed-loop trajectory could be underestimated by the input
tubes (which assume a parametric uncertainty lying in Ep).
This does not constitute an issue in this tracking task where
only the tracking error is affected by the uncertainty, but it
will have an impact in the second test scenario which also
involves the feasibility of the motion (Sect. IV-D2).

For each trajectory, we further consider the case where the
desired yaw is kept constant ψd(t) = 0 (cases “A” and “B” in
Fig. 4 and Tab. V) and where the yaw has to track a desired
trajectory ψd(t) = atan2(ẏd(t), ẋd(t)) (cases “A-yaw” and
“B-yaw” in Fig. 4 and Tab. V).
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Fig. 4. Spread of trajectories obtained for different parameter perturbations while tracking the desired trajectory (with and without yaw). Note how the
proposed ST-MPC method (blue) yields a tighter spread than a standard MPC controller (red). Trajectories for zoRO are not included for the sake of legibility
(since they would appear in-between non-robust MPC and ST-MPC), but synthetic results can be found in Tab. V and Fig. 6.

TABLE V
POSITION ERROR AND COST FUNCTION WHILE TRACKING DISCONTINUOUS TRAJECTORIES

Case Method RMSE deviation [m]
mean (± std. dev.)

Maximum
deviation [m]

Nominal
RMSE [m]

Cumul.
state cost

Cumul.
input cost

A
ST-MPC 0.049 (±0.018) 0.112 0.078 4455 (±702) 324 (±29)

MPC 0.071 (±0.055) 0.697 0.062 5502 (±5088) 528 (±281)
zoRO 0.064 (±0.043) 0.578 0.064 4877 (±3597) 442 (±159)

A-yaw
ST-MPC 0.049 (±0.018) 0.126 0.079 5294 (±768) 337 (±30)

MPC 0.072 (±0.056) 0.697 0.062 6501 (±5446) 548 (±284)
zoRO 0.064 (±0.044) 0.579 0.064 5849 (±3939) 459 (±160)

B
ST-MPC 0.057 (±0.022) 0.241 0.099 8904 (±1062) 542 (±37)

MPC 0.079 (±0.037) 0.395 0.070 8051 (±2401) 1008 (±175)
zoRO 0.070 (±0.033) 0.336 0.073 7640 (±1826) 803 (±114)

B-yaw
ST-MPC 0.058 (±0.025) 0.226 0.099 10004 (±1187) 555 (±38)

MPC 0.080 (±0.039) 0.414 0.070 9211 (±2510) 1032 (±179)
zoRO 0.071 (±0.033) 0.348 0.073 8764 (±1911) 819 (±114)

Figure 4 visually depicts how, in particular for the case
“A”, the spread of trajectories obtained with ST-MPC remains
much closer around the nominal behavior, while the standard
MPC produces much larger deviations during more aggressive
turns. This result is due to the input saturations that affect the
quadrotor because of the modeling errors: thanks to the input
tubes, these are much better accounted for by ST-MPC which
is able to generate a feasible trajectory more robust to model
uncertainties while, on the other hand, the standard MPC lacks
this inherent robustness and ultimately deviates more from the
nominal trajectory. Comparing the two trajectories, for the case
“A” the deviation is mostly localized in the first part of the
trajectory, where input saturations are concentrated, while for
the faster case “B” deviations are sustained over the entirety of
the trajectory. As expected, when saturations are not involved
in the motion generation, ST-MPC and MPC have a similar
behavior in the proposed scenario.

Fig. 5 shows an example of the resulting input tra-
jectory for a particular parameter deviation ∆p =
(0.02,−0.02, 0.0, 0.05). Note how, after the first instants, the
standard MPC saturates three out of the four control inputs,
resulting in a large deviation from the nominal trajectory,
measured with the Cartesian position error er = r − rnom,

with rnom being the trajectory7 obtained by performing the
simulation with p = pc. On the other hand, ST-MPC mini-
mizes the deviation while still being able to utilize the full
actuation capabilities. This is also due to the fact that the
input tube ρu is by construction zero for the first input u0

of the predicted trajectory. In fact, the tubes which encode
the uncertainty over the time horizon t ∈ [tk, tk+N ] starting
from the current state x̂k are always re-computed around the
current predicted trajectory (x̄, ū): since the state sensitivity
Π0 of the predicted trajectory is always zero at tk, it follows
that ρu

0 = 0 as well. Therefore, for what concerns the first
input u0 at time tk, the input constraint always reduces to
umin ≤ u0 ≤ umax.

Quantitative results can be found in Tab. V, where we also
report the cumulative state and input costs over the trajectories.
In all cases, the Root Mean Square Error (RMSE) deviation
with respect to the nominal trajectory rnom is smaller in mean
and standard deviation for ST-MPC. Similarly, the maximum
deviation is about 2-6 times larger for the standard MPC,
confirming the better performances of ST-MPC. Finally, the
reduced spread of trajectories is translated into a smaller
standard deviation of the state cost. The reduction in control

7Note that, due to the receding-horizon nature of MPC, in general, this
nominal trajectory differs from the nominal predicted trajectory x̄.
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Fig. 5. Commanded propeller speeds (top) and norm of the deviation from
the nominal trajectory (bottom) while tracking trajectory A with ∆p =
(0.02,−0.02, 0.0, 0.05). Dashed grey lines indicate the rotor speed limits.
Note how even with the input restriction introduced by the tubes, ST-MPC
fully utilizes the actuation capabilities of the drone. See the accompanying
video for an animation including the predicted trajectory and tubes.

saturation shown in Fig. 5 is reflected in the input cost,
which is always lower for ST-MPC. The additional propeller
speeds required to track a time-varying yaw angle (A-yaw,
B-yaw) can indeed lead to an increase in the control effort
(input cost). However, we find that this additional effort is
not always accompanied by an increase in the maximum
deviation, likely due to some particular correlation between
the shape of the trajectory and the occurrence of the maximum
deviation point in different instances for the two methods.
Similar considerations can also be drawn by analyzing Fig. 6
that reports the evolution over time of the deviation from the
nominal trajectory ∥er∥. Looking at Fig. 6, it is clear how the
standard MPC experiences larger deviations in all cases and
during the whole motion. While zoRO offers an advantage
compared to the nominal MPC (as expected), it does not
match the performance of our method. This is due to the two
different uncertainty propagations — (8)-(9) for ST-MPC and
(40) for ZoRO. The tubes computed in ZoRO can be smaller
(in radius) given the same range of model uncertainty, because
of the assumption of the disturbance trajectory lying in a high-
dimensional ellipsoid (cf. [26, Remark 2]). Finally, we note
from the fifth column of Tab. V how the RMSE for the tracking
of the desired position rd in the nominal (unperturbed) case
is larger for ST-MPC: this is expected and due to the trade-
off between performance and robustness introduced by the
constraint restriction. Still, the overall performance in any non-

0.0

0.2
A ST-MPC

MPC

zoRO

0.0

0.2
A-yaw

0.0

0.2
B

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

time [s]

0.0

0.2
B-yaw

Mean and std.dev. of ‖er‖ [m]

Fig. 6. Evolution of the mean and the standard deviation (shaded) of the
position deviation ∥er∥ from the nominal trajectory over the 450 perturbed
simulations for the four tested trajectories. Note how the proposed method
achieves a smaller deviation in all cases.

nominal (real-world) case is in clear favor of ST-MPC.
2) Passing through a narrow aperture: For this scenario,

we performed repeated tests with 450 parameter perturbations
∆p ∈ P in a grid with ∆pmax = (0.02, 0.02, 0.01, 0.1).
As the parameter variations make the system deviate from
the predicted trajectory, the MPC will have to progressively
compensate to satisfy — at least in its prediction — the safety
constraint. Since the system possesses limited control authority
at any given time, the unforeseen deviation from the plan might
lead it to enter states from which no feasible solution exists,
even for the nominal prediction model. This emerges as the
main cause of failure for the controller, which has no recursive
feasibility guarantee [53]. We therefore assess the effectiveness
of the proposed method using two metrics:

• The success rate, defined as the percentage of tests in
which the quadrotor is able to safely reach the goal with
no collision8;

• The time tp at which the quadrotor has completely passed
the aperture, in order to measure the possible motion
conservativeness introduced by adding the tube radii
restriction on the input constraints. Here we consider only
simulations that are successful for both the Robust MPC
(ST-MPC, ST-MPC-LQR, or zoRO, alternatively) and the
standard MPC9

To analyze the results, we distinguish between two different
subsets of parameters: (i) Pie when ∆p is inside of the

8We consider as failed any test in which either the closed-loop trajectory
does not satisfy the constraints or the MPC problem becomes infeasible.

9This choice, aimed at performing a one-to-one comparison between the
methods, has been found to be slightly pejorative for the Robust MPC, due to
the exclusion of many data points in which it succeeds while standard MPC
does not.
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TABLE VI
SUCCESS RATE AND TIME REQUIRED TO PASS THROUGH THE APERTURE

Method
Settings Success rate [%] Time tp [s]

N Qv Pie Pnie (Pnie,nbs) total mean (± std. dev.)

ST-MPC
25

2 · 10−2 90.5 62.9 (32.6) 75.8 0.677 (±0.032)
5 · 10−2 98.6 83.7 (66.4) 90.7 0.731 (±0.039)

35
2 · 10−2 99.0 91.7 (83.9) 95.1 0.722 (±0.030)
5 · 10−2 100 96.2 (92.4) 98.0 0.734 (±0.034)

MPC
25

2 · 10−2 59.0 45.4 (0.0) 51.8 0.652 (±0.044)
5 · 10−2 68.6 52.1 (0.0) 59.8 0.695 (±0.049)

35
2 · 10−2 64.8 48.3 (0.0) 56.0 0.673 (±0.040)
5 · 10−2 67.6 50.4 (0.8) 58.4 0.682 (±0.041)

ST-MPC-LQR
25

2 · 10−2 75.2 54.6 (16.8) 64.2 0.668 (±0.031)
5 · 10−2 94.8 69.2 (35.7) 81.1 0.724 (±0.036)

35
2 · 10−2 99.0 79.2 (59.7) 88.4 0.705 (±0.030)
5 · 10−2 98.5 83.3 (66.7) 90.4 0.720 (±0.032)

zoRO
25

2 · 10−2 67.1 51.7 (12.8) 58.9 0.662 (±0.033)
5 · 10−2 78.6 56.3 (8.7) 66.7 0.707 (±0.039)

35
2 · 10−2 76.2 55.8 (14.5) 65.3 0.687 (±0.031)
5 · 10−2 82.9 57.1 (14.2) 69.1 0.700 (±0.033)

ellipsoid Ep, and (ii) Pnie when it is outside. Moreover, we
denote as Pnie,nbs the subset of Pnie in which at least one of the
two controllers fails. The reason for introducing this distinction
is that, in some instances, even a large parameter variation
lying outside the ellipsoid could result in a motion for which
the task is only slightly affected by the disturbance. These
favorable configurations result in both controllers completing
the task but are not necessarily indicative of the effect of the
input tubes on the success rate.

The MPC design is based on nominal performance, i.e.,
the tuning of the cost function weights is performed by trial
and error simulating the nominal system dynamics. Also,
the choice of the control horizon N naturally affects the
performance and feasibility even in the nominal case, although
it is typically restricted by the real-time requirements of the
platform. Nonetheless, it is interesting to analyze the increase
(or lack thereof) in robustness related to changes in these
settings, as they can greatly affect both the nominal and the
perturbed behaviors of the system. To this end, Tab. VI reports
statistics on the success rates and times tp with different
settings for the velocity weight Qv = QvI3 and the control
horizon N . Four different methods are compared: (i) ST-MPC,
i.e., the proposed method, (ii) a standard MPC, (iii) ST-MPC-
LQR, which is obtained, as explained, by neglecting all con-
straints in the MPC gains computation, (iv) and zoRO, which
uses an alternative tube radius and uncertainty propagation.

From the analysis of Tab. VI, we can appreciate how the
introduction of the input tubes in ST-MPC is always followed
by a significant improvement in robustness. In fact, the success
rate increases from the 60-70% range for the standard MPC
to 90-100% for our approach when the parameter deviation is
in Ep (case Pie). Moreover, when the parameter deviation falls
outside the ellipsoid (cases Pnie and Pnie,nbs), all methods ex-
perience a lower success rate, confirming that the satisfaction
of the ellipsoid condition is important for the task success.
This also shows that the approximation (14) used for deriving
the tubes is, in fact, not too conservative since the effect

of parameter deviations lying outside the ellipsoid (12) are
(correctly) not captured by the tubes.

Increasing the control horizon N from 25 to 35 leads to a
marginal increase in the success rate for both ST-MPC and
the standard MPC. However, while ST-MPC reaches almost
100% success rate, the standard MPC is limited to less than
60%, indicating that the longer control horizon is not the
main factor for substantially improving the recursive feasibility
of the system. Similarly, the increase of the velocity weight
Qv from 2 · 10−2 to 5 · 10−2 does not provide significant
improvements, although it would intuitively yield slower and
more conservative trajectories (as confirmed by the statistics
on tp), and thus appear as an almost obvious means to improve
safety. In all cases, while zoRO improves over the non-robust
MPC, it is not able to match the performance of ST-MPC due
to its different uncertainty propagation that does not capture
as well the effects of parametric uncertainties of the model.

Concerning the performance in terms of speed and agility,
we evaluate the time tp at which the quadrotor clears the
aperture, independently of the fact that the parameter variation
is inside the ellipsoid or not. Although ST-MPC does indeed
generate a slightly more conservative motion with a ∼ 6%
increase (at most) in the average tp, this is met with an im-
portant improvement in the success rate, as already discussed.
Moreover, we note how for at least one setting (N = 25,
Qv = 2 · 10−2) ST-MPC has a performance comparable to
that of the standard MPC while still providing more safety.

Lastly, the direct comparison between ST-MPC and its
simplified variant ST-MPC-LQR shows how, for N = 25, the
latter is not able to perform as well as ST-MPC with a total
success rate reduced by 10% in all instances and with a 15%
reduction in the success rate for Pie in the Qv = 2 · 10−2 set-
ting. This is expected since ST-MPC-LQR does not account for
the active obstacle avoidance constraints (37) when computing
the MPC gains, which does not allow to correctly capture the
behavior of the MPC in the presence of active constraints. For
N = 35, the performance of ST-MPC-LQR almost matches
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Fig. 7. The quadrotor used in the experiments, with and without the payload.
During each experiment, the position of the payload was changed to perturb
the physical parameters of the robot.

that of ST-MPC, which is expected thanks to the naturally
larger tubes resulting from the longer horizon. Still, this comes
at the cost of an increased computation time with respect to,
for instance, ST-MPC with N = 25 and Qv = 5 ·10−2. These
results then further motivate the use of the proposed ST-MPC
scheme.

In conclusion, it is clear how the proposed method can
provide a substantial improvement on the safety of the system
with parameter uncertainty, which can be traded for a reduction
in performance (in terms of speed to execute the task), while
standard ways of robustifying the MPC, such as tuning the
cost function or increasing the control horizon, are not able to
yield the same results.

E. Experimental validation

The proposed approach has also been validated experi-
mentally on a quadrotor performing the aggressive trajectory
tracking task. The goal was to demonstrate the practical fea-
sibility and computational efficiency of the algorithm (which
is completely run on the onboard hardware) and also assess
how the numerical results would translate to real scenarios.
Clips from the experiments and animations are available in
the accompanying video.

The employed quadrotor, shown in Fig. 7, is based on
the MikroKopter platform and runs custom firmware to allow
closed-loop rotor speed control. The MPC controller is fully
executed onboard on an Intel NUC (i7-1360P CPU) at 100 Hz
and makes use of the Telekyb3 framework to interface with
the hardware. An Unscented Kalman Filter implemented in
Telekyb3 is used to fuse the IMU measurements and the
motion capture position feedback to obtain an estimate of the
state x̂k. The same implementation used in simulation has
been employed in the experiments, commanding rotor speeds
without a lower-level controller, with only minor differences
in parameters and in the hardware interface. All parameters
and MPC settings are reported in Tab. II and Tab. III.

Parameter deviations are applied to the robot by physically
attaching a payload of mass mp=0.236 kg to the bottom plate
and landers at different places for each run in order to perturb
the total mass, inertia, and position of the CoM along the 3
axes (see Fig. 7). Note that, contrarily to the simulation case,
the real parameters of the robot are unknown and therefore
there does not exist a nominal behavior against which each
experiment can be compared. We instead tested for a given
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Fig. 9. Commanded propeller speeds during the experiment in which MPC
resulted in a crash. Note the saturations and induced oscillations in the control
signal.

perturbation both the proposed method and the standard MPC
controller and analyzed the standard deviation of the robot
position over time w.r.t. the average of the various runs. This
allows us to compare the repeatability of the motion produced
by ST-MPC vs. the standard MPC over the perturbed runs.

We performed 12 different experiments while tracking a
trajectory with an average speed of circa 2 m/s (case C-
yaw). At each time instant, we evaluate the norm of the
standard deviation of the position components of the resulting
trajectories, i.e., σr(t) =

√
σ2
x(t) + σ2

y(t) + σ2
z(t). Results
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are reported in Fig. 8 (top), highlighting how ST-MPC can
provide an overall safer and more repeatable behavior with
smaller deviation over different perturbations, confirming the
numerical results of Sect. IV-D1.

Five additional experiments on a similar but more aggressive
trajectory with an average speed of circa 2.5 m/s (case D-
yaw) have also been conducted. In this case, in one instance
of the perturbation, the robot has crashed when controlled with
the standard MPC, which has become unstable after incurring
severe input saturation, as shown in Figure 9. On the other
hand, with the exact same perturbation, ST-MPC has been able
to safely execute the motion. Finally, note how in this more
aggressive scenario the maximum standard deviation increases
to more than 15 cm for the standard MPC, while remaining
under 9 cm for ST-MPC, see Fig. 8 (bottom).

While the reported experiments only consider the trajectory
tracking scenario, we expect an analogous higher repeatability
of ST-MPC to also apply to the success rate in performing
tasks like dynamic obstacle avoidance and passing through a
narrow gap, in line with the numerical results of Sect. IV-D2.

F. Implementation details and computational complexity

The proposed method has been implemented in C++ by
making use of the autodiff library [54] for Automatic Differ-
entiation (AD) and the ProxQP sparse solver [55]. To solve
the linear system (27) yielding (28) we employ Eigen’s linear
solver to perform a sparse LU factorization. Considering the
most demanding scenario (passing through the aperture) with
N = 25, one iteration of the algorithm runs in real-time at
more than 50 Hz (δt = 0.02 s) on an Intel Core i7-13700H
laptop CPU, with the MPC gains and tubes computation only
requiring 3-4 ms, compared to the 1-10 ms to solve the
QP during the feedback phase. Being the structure of the
OCP and the number of decision variables and constraints
the same, the only additional computational cost of ST-MPC
compared to the standard MPC is due to the computation
of the tubes. In the experiments, the controller is able to
run at 100 Hz on the onboard computer. Figure 10 reports
CPU times for the different phases of the MPC iteration for
different control horizon lengths N . Specifically, it can be
seen how the preparation phase time, including the tubes’
computation for ST-MPC, grows linearly with the horizon
length thanks to the use of sparsity exploiting solvers. Since
the QP has the same number of constraints and decision
variables as a standard MPC, the impact of the additional
computations in ST-MPC is practically negligible. Therefore,
if a standard MPC is amenable to real-time implementation,
its ST-MPC version (with the constraint restrictions from the
tubes) will also typically be implementable in real-time. This
is, in our opinion, a major strength of the proposed approach:
ST-MPC represents a viable alternative to MPC schemes with
an added inherent robustness to model uncertainties. Moreover,
since the tubes are obtained during the preparation phase, the
computational cost of their evaluation is not added to the delay
introduced by the MPC controller due to the feedback phase.

Finally, one could further improve the current sensitivity
computation by more tightly integrating it with the QP solver
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Fig. 10. CPU time of feedback and preparation phases for different control
horizon lengths, represented as a box plot (whiskers include the 90th per-
centile).

for reusing the KKT factorization performed by the solver
itself or by using differentiable QP solvers [56]. Additionally,
it could be possible to exploit the structure of the optimal
control problem to compute the MPC gains more efficiently
by adapting, for instance, the work proposed in [39] or [57].
The sensitivity propagation can, on the other hand, reuse
the derivatives of the dynamics that have been computed to
prepare the QP. Compared to the current implementation based
on AD, significant gains in the computation of the derivatives
of the dynamics could be expected by exploiting analytical
derivatives computed from libraries such as Pinocchio [58],
particularly if more complex articulated robots are considered.

V. CONCLUSIONS AND FUTURE WORK

We have proposed an efficient Robust Model Predictive
Control algorithm, denoted ST-MPC, for robots affected by
parametric uncertainties, and showed its effectiveness in im-
proving the tracking performance and the success rate during
navigation in a tight environment. By leveraging the notion
of closed-loop sensitivity and ellipsoidal tubes for enveloping
the perturbed trajectories, we were able to introduce a time-
varying restriction on the input constraints to make, at each
instant, the MPC controller aware of the possible additional in-
put requirements needed to cope with parametric uncertainties.
The resulting ST-MPC has the same computational complexity
as a standard MPC, only adding the computation of the MPC
gains and tube propagation during consecutive control instants
by analyzing the sensitivity of the previous MPC solution.
Since this computation is performed in the preparation phase,
it does not introduce any additional delay.

Being, to the best of our knowledge, the first online applica-
tion of robust trajectory optimization based on the closed-loop
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sensitivity, we plan to extend the method in several possible di-
rections. For instance, by including an online optimization of a
sensitivity metric for generating trajectories that are minimally
sensitive and, thus, reduce the tube radius, or by adding online
parameter estimation schemes in the sensitivity calculation for
updating the nominal parameter values and thus reduce the
conservativeness of the motion. From a computational point
of view, a tight integration with the QP solver of choice
would allow to streamline the calculation of the sensitivity,
strengthening even more the ability to apply our method at a
very little computational cost.

APPENDIX A
EFFICIENT COMPUTATION OF THE MPC GAINS OVER THE

PREDICTION HORIZON

In the computation of the sensitivity of the MPC —
described in Sect. III-B — the sensitivity of the whole
predicted trajectory (x,u) is computed with respect to the
initial state x̂k (or, equivalently, x0). We now show how the
same reasoning applies to all xi, and how the sensitivities for
i = 1, . . . , N − 1 can be computed without performing any
additional KKT factorization and inversion.

First, note that with a simple rearrangement of variables, one
can apply the implicit function theorem on the KKT system
(26) with respect to the explicit variable xi. Defining z =
(x0, . . . , x̂k, . . . ,xN ,u,λ,µ) by replacing xi with x̂k, one
can then obtain

R(z(xi),xi)|z∗ = 0

d

dxi
R(z(xi),xi)|z∗ = 0

∂R
∂z

dz

dxi
+
∂R
∂xi

= 0, (41)

from which it follows

dz

dxi
= −

(
∂R
∂z

)−1
∂R
∂xi

.

We now show how, leveraging the availability of the inverse
of the KKT matrix ∂R

∂y , the sought quantities can be computed
without the need of inverting the large matrix ∂R

∂z for each i.
Noting that dz

dxi
contains dui

dxi
, we define the selection matrix

vui such that

F̃k+i|k+i =
dui

dxi
= vui

dz

dxi
. (42)

Since ∂R
∂xi

is the i-th nx-dimensional column block of the KKT
matrix (29), we can also define vxi

such that

∂R
∂xi

=
∂R
∂y

vxi
.

The matrix ∂R
∂z can be seen as equivalent to ∂R

∂y where
column-block ∂R

∂xi
has been swapped for ∂R

∂x̂k
. Therefore, we

can rewrite

∂R
∂z

=
∂R
∂y

+

(
∂R
∂x̂k

− ∂R
∂xi

)
vT
xi
,

which makes it possible to compute the inverse of ∂R
∂z by

only computing a rank-nx correction via the Woodbury matrix
identity [47]. Define

K =
∂R
∂y

, κi =
∂R
∂xi

, c =
∂R
∂x̂k

,

and di = c− κi. Then(
∂R
∂z

)−1

=
(
K+ div

T
xi

)−1

= K−1 −K−1di

(
In + vT

xi
K−1di

)−1
vT
xi
K−1.

(43)

We can now combine (41), (42) and (43) to find

dui

dxi
=− vuiK

−1κi

+ vui
K−1di

(
In + vT

xi
K−1di

)−1
vT
xi
K−1κi. (44)

Note that, by construction

K−1κi = vxi
,

vui
K−1κi = vui

vxi
= 0,

vT
xi
vxi = In.

Then, having defined

Fk+i|k = vuiK
−1c,

Pk+i|k = vT
xi
K−1c,

(44) becomes

F̃k+i|k+i = vuiK
−1c

(
vT
xi
K−1c

)−1
= Fk+i|kP

−1
k+i|k,

finally yielding the desired MPC gains. We highlight again
how this formula provides an efficient mean for computing
F̃k+i|k+i as it involves the inversion of the small nx × nx
matrix Pk+i|k instead of the inversion of the large matrix ∂R

∂z .
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for nonlinear optimization in optimal feedback control,” SIAM Journal
on control and optimization, vol. 43, no. 5, pp. 1714–1736, 2005.

[43] S. Gros, M. Zanon, R. Quirynen, A. Bemporad, and M. Diehl, “From
linear to nonlinear mpc: bridging the gap via the real-time iteration,”
International Journal of Control, vol. 93, no. 1, pp. 62–80, 2020.

[44] M. Diehl, H. J. Ferreau, and N. Haverbeke, “Efficient numerical methods
for nonlinear mpc and moving horizon estimation,” in Nonlinear model
predictive control: towards new challenging applications, L. Magni,
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