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The Area Problem

We now want to solve the area problem: Find the area of the
region S that lies under the curve y = f(x) from a to b

S is bounded by the graph of a continuous function f

[where f(x) > 0], the vertical lines x=a and x = b, and the
X-axis

S={x,y)|asx<b, 0<y<f(x)}



The Area Problem

It is not easy to find the area of a region with curved sides.
We all have an intuitive idea of what the area of a region is,
but now we try to give an exact definition of area

Recall that in defining a tangent we first approximated the
slope of the tangent line by slopes of secant lines and then
we took the limit of these approximations

We use a similar technique for areas. We first approximate
the region S by rectangles and then we take the limit of
the areas of these rectangles as we increase the number of
rectangles



Example

Use rectangles to estimate the area under the parabola
y = x? from 0 to 1 (the parabolic region S)
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Example — Solution

We first notice that the area of S must be somewhere

between 0 and 1 because S is contained in a square with
side length 1

Suppose we divide S into four strips S, S,, S;, S, by
drawing the vertical lines x =1/4, x=1/2, and x =3/4

VA




Example — Solution

cont’d

We can approximate each strip by a rectangle that has the

same base as the strip and whose height is the same as

the right edge of the strip

In other words, the heights of
these rectangles are the values

of the function f(x) = x2 at the right
endpoints of the subintervals
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Each rectangle has width 1/4 and
the heights are (1), (3). (3), 12
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Example — Solution

cont’d

If we let R, be the sum of the areas of these approximating
rectangles, we get
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= 0.46875

We see that the real area A of S is a bit smaller than R,,
SO

A <0.46875



Example — Solution

cont’d

Instead of using the rectangles on the left we could use the
smaller rectangles on the right, whose heights are the
values of f at the left endpoints of the subintervals (the

leftmost rectangle has collapsed because its height is 0)
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Example — Solution

cont’d

The sum of the areas of these approximating rectangles is

3\2

Li=s- 0+, () +2-G) +4- @)

= (.21875

We see that the area of S is larger than L,, so we now
have lower and upper estimates for A:

0.21875 <A <0.46875

We can repeat this procedure with a larger number of strips



Example — Solution

cont'd
Here is what happens when we divide the region S into
eight strips of equal width
YA VA
(1, 1) (1, 1)
y=x’
> 27 >
0 1 | X 0 1 1 X
8 8
(a) Using left endpoints (b) Using right endpoints

Approximating S with eight rectangles
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Example — Solution

cont’d

By computing the sum of the areas of the smaller rectangles
(Lg) and the sum of the areas of the larger rectangles (Ry),
we obtain better lower and upper estimates for A:

0.2734375 < A<0.3984375

So one possible answer to the question is to say that the
true area of S lies somewhere between 0.2734375 and
0.3984375

We could obtain better estimates by increasing the number
of strips
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Example — Solution

The table at the right shows the
results of similar calculations
using n rectangles whose heights

are found with left endpoints (L,) or
right endpoints (R,)

cont’d

n

Lli

Rﬂi

10
20
30
50
100
1000

0.2850000
0.3087500
0.3168519
0.3234000
0.3283500
(0.3328335

0.3850000
0.3587500
0.3501852
0.3434000
0.3383500
(0.3338335

In particular, we see by using 50 strips that the area lies
between 0.3234 and 0.3434. With 1000 strips we narrow it
down even more: A lies between 0.3328335 and

0.3338335

A good estimate is obtained by averaging these numbers:

A =~ 0.3333335




Approximating the Area

Therefore, as n increases, both L, and R, become better
and better approximations to the area of S

Y Y 7 Y
n=10 R,=0.385 7 n=30 Ry~ 0.3502 1 n=50 Ry =0.3434 DP{

0 1 X 0 1 X 0 1 X

Right endpoints produce upper sums because f (x) = x2is increasing
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Approximating the Area

I~

/ A
n=10 L,=0.285 Z n=30 Ly =~0.3169 n=50 Ly, =0.3234 Yy

0 | X 0 | X 0 1 X

Left endpoints produce lower sums because f (x) = x?is increasing

Therefore we define the area A to be the limit of the sums
of the areas of the approximating rectangles, that is,

A=1lmR,=limL, =,

n—>0 11— 0
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General case of area

Hence, in order to evaluate the area S under a generic
function f(x) 20, we divide S into n stripes S, , each of
equal width Ax = (b-a)/n
So, interval [a, b] is divided into n subintervals, with x, = a
and x, = b

[XO’ X1]’ [X1’ XZ]’ [XZ’ X3]v = [Xn—1’ Xn]

The right endpoints of the subintervals are
X, =a + Ax,
X, =a+ 2 AXx,

X3 =a + 3 AXx,

15



General case of area

Now we approximate the i-th strip S; by a rectangle with
width Ax and height f(x;), which is the value of f at the
right endpoint

0 a XL X, X3 Xi—1 X b X

Then the area of the i-th rectangle is f(x;) Ax. The area of S
IS approximated by the sum of the areas of these
rectangles, which is

R, =f(x;) Ax + f(x,) Ax + ... + f(x,) Ax
16



General case of area

This approximation improves as the number of strips
iIncreases, see for example the casesof n=2, 4, 8, and 12

So, we take the value forn - «

(a)n=2 (byn=4 (c)n=28 (d)yn=12

17



General case of area

Therefore we define the area A of the region S in the
following way.

2 | Definition The area A of the region § that lies under the graph of the continu-
ous function f is the limit of the sum of the areas of approximating rectangles:

A=1lim R, = lim [ f(x;) Ax + f(x2) Ax + - - + f(x,) Ax]

n—coe 11—

It can be proved that this limit always exists, since we are
assuming that f is continuous.

Moreover, it can be shown that we get if
we use left endpoints:

3 A=1lim L, = lim[ f(xo) Ax + f(x;) Ax + - -+ + f(x,-1) Ax]

n— oo n— oo
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General case of area

In fact, instead of using left endpoints or right endpoints, we
could take the height of the i-th rectangle to be the value of

f at number x;* in the i-th subinterval [x;_,, x;]. We call
the numbers x*, x,*, . .., X * the sample points
Approximating rectangles i\ '

when the sample points i
are not chosen to be |
endpoints: T
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S0 a more general expression for the area of S'is

A= lim [ f(x7) Ax + f(x)) Ax + -+ - + f(x}) Ax]

n— ®
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The Definite Integral

We have seen that a limit of this form is used to solve the
area problem

lim if(x?k) Ax = lim [ f(x{") Ax + f(x57) Ax + -+ -+ f(x) Ax]
It turns out that this same type of limit occurs in a wide

variety of situations even when f is not necessarily a
positive function

So, we give a name to this special type of limit, too

20



The Definite Integral

2 | Definition of a Definite Integral If f is a function defined fora < x < b, we
divide the interval [a, b] into n subintervals of equal width Ax = (b — a)/n. We let
xo (= a), x1, X2, ..., x, (= b) be the endpoints of these subintervals and we let

X, x5, ..., x¥ be any sample points in these subintervals, so x* lies in the ith
subinterval [x;-1, x;]. Then the definite integral of f from a to b is

I‘h_}"():) dx = lim if(.rf‘) Ax

—»c0 .
& n i=1

provided that this limit exists and gives the same value for all possible choices of
sample points. If it does exist, we say that f is integrable on [a, b].

21



Notation

In the notation | 7(x) dx, the function f(x) is called the
integrand and a and b are called the limits of
integration (a is the lower limit and b is the upper limit)

The procedure of calculating an integral is called
integration

The symbol dx has no meaning by itself; it simply indicates
that the independent variable is x

The symbol fwas iIntroduced by Leibniz and is called an
integral sign
It is an elongated S and was chosen because an integral is

a limit of sums
22



Notation

Note: The definite integral [ f(x) dx is a number; it does
not depend on x. In fact, we could use any letter in place of
x without changing the value of the integral:

fjf (x) dx = [ jj f() dt = fc j’ F(r) dr

Note: The sum 2 f(xi) Ax
i=1

IS called a Riemann sum after the German mathematician
Bernhard Riemann

23



The Definite Integral

If (x)=20, we have seen that the definite integral can be
interpreted as the area under the curve y =f(x)

If f(x) takes both positive and negative values, then the
Riemann sum is the sum of the areas of the rectangles that
lie above the x-axis and the negatives of the areas of the
rectangles that lie below the x-axis

2 f(x*) Ax is an approximation to the net area

24



The Definite Integral

When we take the limit of such Riemann sums, we get the
situation illustrated here. A definite integral can be
interpreted as a net area, that is, a difference of areas:

b
( f(x)dx = A, — A,

where A, is the area of the ]

region above the x-axis P
and below the graph of f, m A
and A, is the area of the o \j/ )

region below the x-axis and
above the graph of f J2f(x) dx s the net area

=Y
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Integrability

Note: We have defined the definite integral for an
integrable function, but not all functions are integrable.
However, the most commonly occurring functions are in
fact integrable:

Theorem If fis continuous on [a, b], or if f has only a finite number of jump
discontinuities, then f is integrable on [a, b]; that is, the definite integral [” f(x) dx
ex1sts.

If f isintegrable on [a, b], then the limit in Definition 2
exists and gives the same value no matter how we choose
the sample points x

26



More on Notation

When Leibniz chose the notation for an integral, he chose
the ingredients as reminders of the limiting process

In general, when we write

lim if(xff) Ax = fbf(x) dx

n—x .

we replace lim X by J, xF by x, and Ax by dx

27



Properties of Definite Integrals

When we defined the definite integral | f(x) dx, we
implicitly assumed that a < b

But the definition as a limit of Riemann sums makes sense
evenifa>b

Notice that if we reverse a and b, then Ax changes from
(b—a)/n to (a— b)/n. Therefore

"y ax = = |7 F(x) dx

28



Properties of Definite Integrals

If a=0>b, then Ax=0 and so )
Lf(x)dx=0

We now develop some basic properties of integrals that are
useful to evaluate integrals in a simple manner. We
assume that f and g are continuous functions

Properties of the Integral

1. “b cdx = ¢(b — a), where c is any constant
W . G e
2, L [F(x) + g(x)]dx = L f(x)dx + L g(x) dx
3. ["cf(x)dx = c ["f(x)dx. where ¢ is any constant

=

L) = g@ldx = [0 dx — | gx) dx

29



Properties of Definite Integrals

Property 1 says that the integral of a constant function
f(x) = c is the constant times the length of the interval

If ¢>0 and a<b, this i
Is to be expected because | y=¢
c(b — a) is the area of the |
shaded rectangle area = c(b — a)
0 a b

fbcdx =c(b—a)

=Y



Properties of Definite Integrals

Property 2 says that the integral of a sum is the sum of the
iIntegrals

For positive functions it '
says that the area under
f+ g is the area under f
plus the area under g

We can see why this is true
from the geometrical view




Properties of Definite Integrals

In general, Property 2 follows from the fact that the limit of a
sum is the sum of the limits:

Lb | f(x) + g(x)]dx = }im ’El [ F(x)) + g(x)] Ax

—> 00 -
=1

l—> 00

= lim [Ef(x,—) Ax + D g(x)) Ax:|
i=1 i=1
= lim D, f(x;) Ax + lim > g(x;) Ax
T =1 ==l

— ~f:f(x) dx + f:g(x) dx

32



Properties of Definite Integrals

Property 3 can be proved in a similar manner and says that
the integral of a constant times a function is the constant
times the integral of the function

In other words, a constant (but only a constant) can be
taken in front of an integral sign

Property 4 is proved by writing f— g = f+ (—g) and using
Properties 2 and 3 with ¢ = -1

33



Example

Use the properties of integrals to evaluate (01 (4 + 3x°) dx.

Solution:
Using Properties 2 and 3 of integrals, we have

(1(4 + 3x°%) dx = (14dx — (13xzdx
JO JO JO

= foléldx + 3 (1x2dx

JO

34



Example — Solution
We know from Property 1 that

cont’d

(0‘4dx — 4(1 — 0)

and we have seen (when introducing the area problem)
that

(l;rzcix — ;.
JO
So

1 5 1 1 5
“(4 + 3x7) dx = f44au:+-3 f.x dx
JO JO JO

=4 + 3 -3

— 5
35



Properties of Definite Integrals

The next property tells us how to combine integrals of the
same function over adjacent intervals:

5. f CF0 dx + f:’ F(x) dx = j b F(x) dx

36



Properties of Definite Integrals

For the case where f(x) >0 and a < ¢ < b Property 5 can
be seen from the geometric view: the area under y = f(x)
from a to ¢ plus the area from ¢ to b is equal to the total

areafromatob

YA

y = f{,‘t‘./
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Properties of Definite Integrals

Properties 1-5 are true whethera<b,a=b,ora> b. The
following properties, in which we compare sizes of
functions and sizes of integrals, are true only ifa< b

Comparison Properties of the Integral

6. If f(x) = O fora < x < b, then j " F(x) dx = 0.
7. If f(x) = g(x) for a = x =< b, then J‘bf(x) dx = J‘b g(x) dx.

8. If m = f(x) =< M fora = x = b, then

mb — a) = J‘bf(x) dx = M(b — a)

38



Properties of Definite Integrals

If f(x)>0,then [’ f(x)dx represents the area under the
graph of f, so the geometric interpretation of Property 6 is
simply that areas are positive (It also follows directly from
the definition because all the quantities involved are
positive)

Property 7 says that a bigger function has a bigger integral
It follows from Properties 6 and 4 because f—g=>0

39



Properties of Definite Integrals

Property 8 is illustrated for the case where f(x) >0

If f is continuous we could take m and M to be for example
the absolute minimum and maximum values of f on [a, b]

YA

M L -
/_\ y = f(x)

=

=Y

0 a b

In this case, it says that the area under the graph of f is
greater than the area of the rectangle with height m and
smaller than the area of the rectangle with height M

This is useful when we want a rough estimate of an integral
40



The Fundamental Theorem of Calculus

Now we will introduce the Fundamental Theorem of
Calculus. It establishes a connection between the two
branches of calculus: differential calculus and integral
calculus

It gives the precise inverse relationship between the
derivative and the integral

41



The Integral as a Function

Consider a function g defined as follows

mm=£7mm

where f is a continuous function on [a, b] and x varies
between a and b. Observe that g depends only on x,
which appears as the variable upper limit in the integral

When x is a fixed number, then the integral |'f(r) dr is a
definite number

But if we then let x vary, the number | () dt also varies
and defines a function of x denoted by g(x)

42



The Integral as a Function

If f happens to be a positive function, then g(x) can be
interpreted as the area under the graph of f from a to x,
where x can vary from a to b (think of g as the “area so far”

function)

VA

/\)’Z f(t)

area = ¢(x) \/‘

0 a X b f




Example 1

If f is the function whose graph is this, and
g(x) = |, f(r) dr, find the values of g(0), g(1), g(2), g(3), g(4),
and g(9), then sketch a rough graph of g

VA
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\ y=f(1)
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Example 1 — Solution

First we notice that g(0) = [J f(1) dt = 0

We see that g(1) is the area
of a triangle:

g() = | rdr=1(1-2)=1

To find g(2) we add to g(1) the area of a rectangle:

9(2) = | "f(0) i B

— Jolf(z‘) dt + lef(z‘) dt

=1+(1:2)=3

45



Example 1 — Solution

If we estimate that the area under f from 2 to 3 is about

1.3, then
9(3) = g(2) + | f(0) a
~3+1.3=43

cont’d

For t > 3, f(t) is negative and so we start subtracting areas:

g4) = g(3) + | o) dr

~4.3+(-1.3)=3.0

},
2

-1

0

46



Example 1 — Solution

cont’d

9(5) = g(@) + [ (1) dr D

~3+(-1.3)=17 NERNYE

We use these values to sketch the
graph of g

Notice that, because f(f) is positive
for t < 3, we keep adding area for
t <3 and so g is increasing up to

x = 3, where it attains a maximum ’
value. For x > 3, g decreases because
f(t) is negative

p— (3] (8] ~ e
1 1 1 1 >
T T T T >

47



The Integral as an Antiderivative

Now we want to find what is the relationship between 1(f)
and g(x). If we take for example f(f) =tand a = 0, then we
have:

/j(t)=t

arca = x

* X .?(2
g(x) = “U tdt = >

=x

Therefore g'(x) = x, thatis, g’ = f

In other words, if g is defined as the integral of f , then g
turns out to be an antiderivative of f, at least in this case

48



The Fundamental Theorem of Calculus

The fact that this is true, even when fis not necessarily positive,
is the first part of the Fundamental Theorem of Calculus

The Fundamental Theorem of Calculus, Part 1 If f is continuous on [a, b], then the
function g defined by

g(x)ZJXf(t)dt as<x<5)b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x).

Using Leibniz notation for derivatives, we can write this

theorem as d
— | 0 dr =0
X Ja

Roughly speaking, this equation says that if we first
integrate f and then differentiate the result, we get back to

the original function f 45



Example 2

Find the derivative of the function g(x) = fo" J1+ 12 dt.

Solution:

Since f(r) = 4/1 + t* is continuous, Part 1 of the
Fundamental Theorem of Calculus gives

g'(x) = 1+ x°

50



The Fundamental Theorem of Calculus

The second part of the Fundamental Theorem of Calculus
provides a much simpler method to evaluate integrals

The Fundamental Theorem of Calculus, Part2 If f is continuous on [a, b], then
[ () ax = Fb) — Fla)

where F' is any antiderivative of £, that is, a function such that F’ = f.

Example:

‘1 —ne—Inl=1-0=1
I x

91



Integral and Derivative as inverses

Bringing together the two parts of the Fundamental
Theorem we have

The Fundamental Theorem of Calculus Suppose f is continuous on [a, b].
1. If g(x) = [' (1) dt, then g'(x) = f(x).

2. L’i’ f(x) dx = F(b) — F(a), where F is any antiderivative of f, that is, ' = f.

We noted that Part 1 can be rewritten as

[ r0dr =

which says that if f is integrated and then the result is
differentiated, we arrive back at the original function f

52



Integral and Derivative as inverses

Since F’(x) = f(x), Part 2 can be rewritten as

J[)F’(x) dx = F(b) — Fl(a)

A

This version says that if we take a function F, first
differentiate it, and then integrate the result, we arrive back
at the original function F, but in the form F(b) — F(a)

Taken together, the two parts of the Fundamental Theorem
of Calculus say that differentiation and integration are

Inverse processes: each undoes what the other does
53



Why the fundamental theorem holds?

It is easy to see that &(x)= fo(f)df is a function of x, but
why g'(x) = f(x)? Lets compute the derivative of g

g'(x)= lim = lim

ctAy-gy) | S0d=[ fwdr [ s
A = lim v X
Ax—0 Ax—0 Ax—) Ax

Let m and M be the min and the max of f in [x, x+Ax]

xX+Ax
mie< [ fdt<MAY |, S <M

Ax
So g'(x) is between m and M, and for Ax = 0 it is f(x)
J‘x—i-Ax f(t)dl‘
g'(x)= lim = =f(x)

Ax—0 Ax



Indefinite Integrals

Both parts of the Fundamental Theorem establish
connections between antiderivatives and definite integrals.
Part 1 says that if f is continuous, then |* f(z) dt is an
antiderivative of f. Part 2 says that | Cf f(x)dx can be found
by evaluating F(b) — F(a), where F is an antiderivative of f

Because of the relation given by the Fundamental Theorem
between antiderivatives and integrals, the notation f f(x) dx
Is traditionally used for an antiderivative of f and is called
an indefinite integral

Always remember: (e.g. 3)
(e.g. x?)

55



Indefinite Integrals

The indefinite integral is the family of functions (all with the
same behavior but vertically translated) which are anti-
derivatives of a given function, or in other words the most
general antiderivative of the given function

| o0y = g)+C with g ’(0)=Ax)

For example, the indefinite integral of x* is

, X’ d ([ x° ;
jx“dx e ? i because + C | = x°

56



Table of Indefinite Integrals

m Table of Indefinite Integrals

Jﬂ cf(x)dx = ¢ ff(x) dx

L[ka'x e o

n+1

J*_x"dx= +C (n#—1)

n+1

Je" dx=¢e¢"'+ C

[sin xdx = —cosx+ C

sec’xdx =tanx + C

dx =tan 'x + C

J
Jseu.t:m xdx=secx + C
o

Jﬂ sinhxdx = coshx + C

[ L7 + goldx = [ f(x) dx + [ g(0) dx

!
[—dx=In|x| +C
< X

b X

‘ a‘dx = + C

nda

J cosxdx =sinx + C
jcsczxcfx = —cotx + C
J cscxcotxdyx = —cscx + C

|
j—{b_‘ =gin"x + C
al ]l —?

jcosh de=sithx # €

Those formulas are valid on intervals where f is defined and continuous

57



Pay attention to the integration interval

It is a mistake to write

Because f(x) =x" is not continuous on [-1,3]

Thus we write
1 1
j—zdx = + C

X X

with the understanding that it is valid on the interval (0,0)

or on the interval (-00, 0)
58



Example

90 2t + t°\/t — 1
Evaluate fl) t;/_ dt.

Solution:

First we need to write the integrand in a simpler form by
carrying out the division:

j@ 2t* + t2\/I_— 1
!

3 dt = f 2+t — ) dt

_ 9

t3/2 fl
=2t + —— —

-1

l

1 9
=2t + 33 + 7]
1
59



Example — Solution

cont'd
:(2-9‘}‘%-93/2—#%)—(2.1_}_%,13/2_{_%)
=18+18+$~2__§ﬁ1

= 32,

60



The Substitution Rule

Because of the Fundamental Theorem, to evaluate
integrals we need to compute antiderivatives

But our antidifferentiation formulas don’t tell us how to
evaluate integrals such as

J 2x+/1 + x? dx

To find this integral we need to work on it: we change from
the variable x to a new variable u

61



The Substitution Rule

To find [ 2x V1 + x2 dx:

» We note that the function under the square root sign,
g(x) = 1+ x4, has derivative g'(x) = 2x

« Both g(x) and g'(x) appear in the integral

» We can try to compute the indefinite integral, if we write
it as:

[ 1990 ax

and recall the chain rule fomula for derivatives

62



The Substitution Rule

Observe that if F' = f, then
JF(g(x)) g'(x) dx = F(g(x)) + C

because, by the Chain Rule,
L [Fg()) = F(9(x) g (x)
dx

If we make the “change of variable” or “substitution” u =
g(x), then we have

IF'(g00)g'(x) dx = F(g(x)) + € = F(u) + C = [F(u) du

or, writing F' = f, we get

Jf(g(x)) g’ (x) dx = [f(u) du

63



The Substitution Rule

Thus we have proved the following rule

4| The Substitution Rule If u = g(x) is a differentiable function whose range is an
interval 7 and f is continuous on /, then

[ (90900 dx = [ ) d

Notice that the Substitution Rule for integration was proved
using the Chain Rule for differentiation

Notice also that, if u = g(x), then du = g'(x) dx, so a way to
remember the Substitution Rule is to think of dx and du
as differentials

64



The Substitution Rule

Thus the Substitution Rule says: It is permissible to
operate with dx and du after integral signs as if they
were differentials.

To find [ Vx2 + 1 2x dx, we setu = x? + 1,
du = g'(x) dx = 2x dx, and

f\/x2+1 2x dx = f\/ﬂdu:ful/zdu:

2 2
= §u3/2+C: §(x2+1)3/2+6:

65



Example
Find | x3 cos(x* + 2) dx

Solution:

We make the substitution u = x* + 2 because its differential
is du = 4x3 dx, which, apart from the constant factor 4,
occurs in the integral

Thus, using x3dx = ; du and the Substitution Rule, we have
Jx3 cos(x# +2) dx = Jcos u - ! du

= Hcos udadu
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Example — Solution

cont’d

|
sSinu+C

Lsin(x*+2)+C

Notice that at the final stage we had to return to the original
variable x
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Definite integrals by substitution

When evaluating a definite integral by substitution, two methods are
possible. One method is to evaluate the indefinite integral first and then
use the Fundamental Theorem. For example

j: N2x + 1 dx :j \12x+la’x:|;l =
1/2,[2\l2x+1a’x];1 =1/2j\/22dx:4— szu%du]z =

0

4
1,/13/2] _
~ "0

2 30
— Lgy/2 — L1y =L _ 1) = 26
=3(9) ()7 =327 — 1) =3

1 2 301" — 1,32]%2 1 21" —
~ Zu = —u = —(2x+1 =
2 3 ]o 3 -0 3( ) ]0

Another method is to change the limits of integration when the

variable is changed
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Definite integrals by substitution

6

The Substitution Rule for Definite Integrals If g is continuous on [a, b] and f is

continuous on the range of u = g(x), then

g(b)

|, 1tgtngCodx = | flu) du
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Example

Evaluate J: V2x + 1dx

Solution:
Let u=2x + 1. Then du = 2 dx, so dx = 5 du

To find the new limits of integration we note that
whenx=0,u=2(0)+1=1

and

whenx=4,u=2(4)+1=9
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Example — Solution .

Therefore

9

J: V2x + 1dx = Jl > Ju du

Observe that when using [6|we do nof return to the variable
x after integrating. We simply evaluate the expression in u

between the appropriate values of u -




Integration of symmetric funct.

The following theorem uses the Substitution Rule for

Definite Integrals [6

to simplify the calculation of integrals

of functions that possess symmetry properties

7| Integrals of Symmetric Functions Suppose f is continuous on [—a, a].
f(x)], then [ f(x)dx = 2 [ f(x) dx.
—f(x)], then [* f(x)dx = 0.

(a) If f iseven [f(—x) =
(b) If f is odd [f(—x) =
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Integration of symmetric funct.

From the graphical point of view:

VA YA

I

—d 0 a X

=Y

(a) f even, § flx)dx =2 f:fm dx (b) f odd, ‘ flx)dx =0

Part (a) says that the area under y = f(x) from —-a to a is

twice the area from 0to a because of symmetry

Part (b) says the integral is 0, because it is the area above
x-axis and below the curve minus the area below the axis
and above the curve, so the areas cancel
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Example 1

Since f(x) = x® + 1 satisfies f(—x) = f(x), it is even and so

f? (x° 4+ 1) dx = QJOQ (x° + 1) dx
i+

=2(5 + 2)

74



Example 2

Since f(x) = (tan x)/(1 + x? + x*) satisfies f(—x) = —f(x), it is
odd and so

1 tan x
-dx = 0
L I+ x>+ x*
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Area between curves

Consider the region S that lies between two curves

y = f(x) and y = g(x) and between the vertical lines x = a
and x = b, where fand g are continuous functions and
f(x) > g(x) for all x in [a, b]

YA

=
/
<
|

=

=
Qﬁ
=Y

S={(x,y)|la<x<b, g(x)<y< f(x)} 76



Area between curves

We divide S into n strips of equal width and then we
approximate the /th strip by a rectangle with base Ax and
height f(x*) — g(x;*)

YA YA

1 = [ ] 1 I i
| AT T
| AL
| () = g(xF) IR R
\ :\ i > | | I l I ! ] } >
0| ¢ x of a1 |1 ]| || x
\—g(xl-*)[ l >/ b i ] b
&f = /\.?k l | I B
Ax
(a) Typical rectangle (b) Approximating rectangles
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Area between curves

The Riemann sum

g [F(xF) — g(x¥)] Ax

is therefore an approximation to the area of S

This approximation appears to become better and better as
n —»o . Therefore we define the area A of the region S
as the limiting value of the sum of the areas of these
approximating rectangles
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Area between curves

A= lim 2 [f(xf) — g(xi)] Ax

We recognize this limit as the definite integral of f— g
Therefore we have the following formula for area

[2] The area A of the region bounded by the curves y = f(x),y = g(x), and the
lines x = a, x = b, where f and g are continuous and f(x) = g(x) for all x in [a, b], 1S

A= "1 — golax

Notice that in the special case where g(x) =0, S is just the
region under the graph of f, as seen
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Area between curves

In the case where both fand g are positive, we can
visualize the situation

A = [area under y = f(x)] — [area under y = g(x)]

g dx = | [f(x) — g(0)]dx

- ['ras - |

C

YA

=Y
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Example

Find the area of the region bounded above by y = e,
bounded below by y = x, and bounded on the sides by
x=0and x=1 "

y=x2+1
Solution: %=1

This is the region 1
we use the formula with f(x) = y=x
eX, gx)=x,a=0,and b =1: x=0 =

1
A=f0 (e* — x) dx =ex—éx2];

=e—3;—1=e—15



Area between curves

If we want to find the area A
between the curves y = f (x) and s Al
y = g (x) where f(x) > g (x) for S
some values x of but g (x) > f(x) -1 y= /i) L
for other values of x, then we split
the region S into several regions S, S, , . . . with areas A,,
A, , ... We then compute the area of the region S as the
sum of the areas of S, S,,...thatisA=A,+A,+ ...
Since

(f(x)—g(x) whenf(x)>g(x)

[F)—g(x)|= <
L g (x)—f(x) when g (x)>f(x)




Area between curves

Therefore in the general case the area between curves is

3| The area between the curves y = f(x) and y = g(x) and between x = a and
x=0>bis

A= ["11() = g(x) | dx

When evaluating this integral, however, we must still split it
into integrals corresponding to A,, A,,......



Example

Find the area of the region bounded by the curves y = sin x,
y=cos x,x=0,and x = 7/2

Solution:

The points of intersection occur when sin x = cos x, that is,
when x = z/4 (since 0 < x < 7/2). The region is sketched
here. Observe that cos x > sin x when 0 < x < z/4 but sin x
> cos x when 7/4 < x < 7/2.

Y

-

x=0 X=—

y =cCosx y = sin x
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Example — Solution

Therefore the required area is

/2 .
A=[ |cos x — sinx|dx = A, + A,
JO

/4 : /2 .
= [O (cos x — sin x) dx + f (sin x — coOS x) dx

v

) /4 . /2
= [smx + COS x]o T [—cos X — Sin x]ﬁm
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Example — Solution

In this particular example we could have saved some work
by noticing that the region is symmetric about x = 7z/4 and
SO

A=2A =2 ({:/4 (cos x — sin x) dx
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Area between curves

Some regions are best treated by regarding x as a function
of y. If a region is bounded by curves with equations
x=fy),x=g(y), y=c,and y = d, where fand g are
continuous and f(y)>g(y) forc<y<d thenits areais

A=|"Tf() — g(y)]dy

VA

d____

x=g(y) x=f(y)

AL




Integration by Parts

Every differentiation rule has a corresponding integration
rule. For instance, the Substitution Rule for integration
corresponds to the Chain Rule for differentiation. The rule
that corresponds to the Product Rule for differentiation is
called the rule for integration by parts

The Product Rule states that if fand g are differentiable
functions, then

-~ [f(x)g(x)] = Fx)g'(x) + GX)F ()

dx
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Integration by Parts

In the notation for indefinite integrals this equation
becomes

J Tf(x)g"(x) + gO)F (x)] dx = f(x)g(x)
or J f(x)g"(x) dx + ] g(x)f'(x) dx = f(x)g(x)

We can rearrange this equation as

1 [ F(0g() dx = F(0g(x) = | g(0)f () dx

Formula 1 is called the formula for integration by parts
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Integration by Parts

It is perhaps easier to remember in the following notation

Let u = f(x) and v = g(x). Then the differentials are
du = f'(x)dx and dv = g'(x)dx, so, by the Substitution Rule,
the formula for integration by parts becomes

2 fudv=uv—fvdu
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Example

Find [ x sin x dx

Solution Using Formula 1:

Suppose we choose f(x) = x and g’(x) = sin x. Then
f'(x) = 1 and g(x) = —cos x.(For g we can choose any
antiderivative of g'.) Thus, using Formula 1, we have

| x sin x dx = f(x)g(x) = | g(x)f'(x) dx
= X(—Cos X) — J (—cos Xx) dx
=—xcosx+jcosxdx

=—xcosx+sinx+C
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Example — Solution .

It's wise to check the answer by differentiating it. If we do
S0, we get x sin x, as expected

Solution Using Formula 2:
Let

u=x dv = sin x dx

Then du = dx V = —COS X
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Example — Solution

cont’d

and so
dv

u
/_A_\
jxsinxdx=fxsinxdx

u V V du
n—r—— T A
= X (—CO0Ss X) —j (—cos X) dx

=—xcosx+jcosxdx

=—xcosx+sinx+C
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Integration by Parts of definite Integrals

If we combine the formula for integration by parts with Part
2 of Fundamental Theorem of Calculus, we can evaluate
definite integrals by parts

Evaluating both sides of Formula 1 between a and b,
assuming ' and @' are continuous, and using the
Fundamental Theorem, we obtain

6 || F(0)g'(x) dx = FIg], — | gl (o) dx
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Can we integrate all elementary functions?

The functions that we have been studied here are called
elementary functions

These are the polynomials, rational functions, power
functions (x@), exponential functions (a*), logarithmic
functions, trigonometric and inverse trigonometric
functions, hyperbolic and inverse hyperbolic functions, and
all functions that can be obtained from these by the five
operations of addition, subtraction, multiplication, division,
and composition
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Can we integrate all elementary functions?

For instance, the function

x?—1 .
f(x) = + In(cosh x) — xe*"

x4 2x — 1
IS quite complex but still an elementary function

If f is an elementary function, then ' is an elementary
function. However, /f(x) dx may not be an elementary
function.

Consider for example f(x) =e¢*
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Can we integrate all elementary functions?

Since f is continuous, its integral exists, and if we define
the function F by

F(x) = r e dt

0

then we know from Part 1 of the Fundamental Theorem of

Calculus that 7
F'(x) = e*

Thus f(x) =¢" has an antiderivative F, but which is? It has
been proved that F is not an elementary function

This means that no matter how hard we try, we will never
succeed in evaluating /¢ dx in terms of the functions we
Know



Can we integrate all elementary functions?

The same can be said of the following integrals:

f e dx f sin(x?) dx f cos(e”) dx

X

fmdx f—dx fSir;xdx

In x

In fact, the majority of elementary functions don’t have
elementary antiderivatives

You may be assured, though, that the integrals in the
exercises are all elementary functions
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