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Probabilistic Discrete Choice Models (PDCM) have been extensively used to interpret the behavior of het-
erogeneous decision makers that face discrete alternatives. The classification approach of Logical Analysis
of Data (LAD) uses discrete optimization to generate patterns, which are logic formulas characterizing
the different classes. Patterns can be seen as rules explaining the phenomenon under analysis. In this
work we discuss how LAD can be used as the first phase of the specification of PDCM. Since in this task
the number of patterns generated may be extremely large, and many of them may be nearly equivalent,
additional processing is necessary to obtain practically meaningful information. Hence, we propose com-
putationally viable techniques to obtain small sets of patterns that constitute meaningful representations
of the phenomenon and allow to discover significant associations between subsets of explanatory vari-
ables and the output. We consider the complex socio-economic problem of the analysis of the utilization
of the Internet in Italy, using real data gathered by the Italian National Institute of Statistics.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

Probabilistic Discrete Choice Models (PDCM) have been exten-
sively used for decades as a powerful method to interpret the be-
havior of heterogeneous decision makers that face differentiated,
discrete alternatives (Manski and McFadden, 1981; Train, 2009).
Modern methods allow a rich and flexible specification of both the
deterministic and stochastic component of the model, and the es-
timation, possibly recurring to simulation. However, given the high
computational burden of these procedures and the large number
of available explanatory variables, an initial extensive exploratory
data analyses is necessary. In this work we discuss how a data
classification technique can be used in this first phase of the spec-
ification of PDCM.

Classification is a fundamental task in the field of data mining,
and many approaches to solve this problem have been proposed,
based on different paradigms and data models. Established ones
include: Neural Networks, Support Vector Machines, k-Nearest
Neighbors, Bayesian approaches, Decision Trees, Logistic regression,
Boolean approaches (see for references Hastie et al., 2002; Klosgen
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and Zytkow, 2002). One effective Boolean approach is the Logical
Analysis of Data (LAD) (see, e.g., Boros et al., 2011; Boros et al.,
1997; Boros et al., 2000; Crama et al., 1988), which is based on
Boolean Logic and on Discrete Optimization. LAD methodology is
closely related to decision trees (Quinlan, 1993) and nearest neigh-
bor (Cover and Hart, 1967) methods, and constitutes an extension
of those two approaches, as shown in (Boros et al., 2011). There are
also affinities with DNF learning in Computational Learning Theory,
see, e.g., Bshouty and Eiron (2003) which captures certain aspects
of LAD. Other connections exist with the empirical machine learn-
ing approaches based on production or implication rules, for in-
stance those based on Rough Set theory (Pawlak, 1992). The joint
use of many patterns has similarities with the usage of an ensem-
ble of classifiers, as it is done in boosting (Freund, 1995) and bag-
ging (Breiman, 1996) techniques.

We consider data organized into records. Each record is a dif-
ferent observation of the phenomenon, and it is composed of fields
containing the observed values. Each field has its domain, that is
the set of its possible values. A record may also have a class la-
bel. In this case, the class is also called the output, while the other
fields are also called explanatory variables. To apply LAD approach,
all values must be converted into binary form by means of a dis-
cretization process called binarization. The domain of each field is
partitioned in a finite number of subdomains that are encoded
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using binary attributes. Since the number of obtained binary at-
tributes is often very large, a selection step is performed. After
this, the selected binary attributes are used to build the patterns.
A pattern is a conjunction of binary attributes, also called con-
ditions, characterizing one class. Finally, each unlabeled record is
classified on the basis of the patterns covering that record. Pat-
terns can be seen as an interpretation of the phenomenon un-
der analysis (see, e.g., Crama and Hammer, 2011). Therefore, this
procedure can perform rules extraction tasks, which, in the study
of PDCM, may be even more important than the classification it-
self. Indeed, in socio-economic studies, the main goal is often
the comprehension of people’s behavior and its determinants. To
this aim, different theories and hypotheses suggested by the hu-
man analysts are tested against data. On the contrary, we pro-
pose here to start the interpretation process extracting rules from
the data by means of pattern generation techniques based on
LAD.

When dealing with the probabilistic behavior of economic
agents, a large number of explanatory variables is available. Conse-
quently, the number of patterns generated can be extremely large,
and unfortunately most of them may have scarce practical mean-
ing. For example, they may cover only a few records, or they may
differ only in the selection within sets of highly associated ex-
planatory variables, hence, the subsets of records covered by dif-
ferent patterns largely overlap.

We present here criteria to identify a reduced set of practically
meaningful rules within the large set of all the patterns, along with
ordering and filtering techniques for their practical implementa-
tion. These techniques are computationally viable and can also pro-
duce a set of rules which are internally orthogonal, i.e., the cover-
ages of every pair of rules have empty intersection. Patterns are
generated by using a version of the LAD methodology developed to
deal with very large datasets. It is adapted from that proposed in
Bruni and Bianchi (2015) and designed to keep the computational
burden under control.

Therefore, the main contribution of this work is a com-
putationally viable methodology to obtain an internally consis-
tent, non-redundant and statistically accurate set of practically
meaningful explanatory rules from a set of available data in a
probabilistic discrete choice setting. Several works in the liter-
ature have similarities either in the methods or in the goals,
though none of them considers PDCM. For example, the gener-
ation of propositional logic formulas to provide a classification
is applied to biological problems in Bertolazzi et al. (2010). An
ELECTRE-based method to identify the best decision rules gen-
erated in the training process of a generic classification algo-
rithm is proposed in Mastrogiannis et al. (2009). Genetic algo-
rithms are used to construct logic trees that best represent em-
pirical data in Mak et al. (2006). Techniques to obtain a cer-
tain degree of orthogonality in the sets of Boolean rules are de-
scribed in Felici and Truemper (2001) and Sanchez et al. (2002).
The automatic individuation of the most important variables and
of their values or intervals that are critical for a classification
using Support Vector Machines is in Carrizosa et al. (2010) and
Carrizosa and Romero Morales (2013). The problem of the selec-
tion of features has been addressed also in Bertolazzi et al. (2016);
Bruni (2007); Chou et al. (2017); Janssens et al. (2006); Sikora and
Piramuthu (2007) and Unler and Murat (2010).

The paper is organized as follows. Section 2 describes the bina-
rization and the generation of the patterns. Section 3 presents the
criteria to identify the small set of practically meaningful rules. In
particular, we describe ordering techniques devised to bring out
patterns which are the best compromises between accuracy and
coverage; one technique aims at providing a sufficient disjunction
of the coverages, the other at the complete disjunction of the cov-
erages. Section 4 reports the results of the described techniques

in the analysis of the individual use of the Internet, by consider-
ing data provided by the Italian National Institute of Statistics (Is-
tat) and describing socio-economic status and daily habits of more
than 46,000 individuals chosen to represent the whole Italian pop-
ulation. This analysis is important for the design of effective poli-
cies fostering Internet usage in Italy, in order to meet the goals
of the European Digital Agenda (European Commission, 2014),
a plan established by the European Union which sets goals for
2020 regarding many aspects of the digitalization in all Member
States.

2. Binarization and pattern generation

The structure of the data records consists of a set of fields f;,
with i=1,...,m. A record instance r consists of a set of values
v;, one for each field. A record r is labeled, or classified, if it is
assigned to an element of a set of possible classes C. In many
cases, C has only two elements, denoted by + and - , and we
speak of binary classification. We will hereinafter consider this case.
A positive record instance is denoted by r*, a negative one by
r=. A training set S of labeled records is available, with S* the
set of its positive records and S— the set of its negative ones.
These sets constitute our source of information in learning the
classifier.

LAD methodology begins with binarization, which converts
each (non-binary) field f; into a set of binary attributes a{ , with
j=1...n; The total number of binary attributes is n= i, n;.
Note that the term “attribute” is not used here as a synonym for
“field”. The values of a qualitative field f; can simply be encoded by
means of a suitable number of binary attributes a{. For each nu-
merical field f;, on the contrary, we introduce n; thresholds called
cut-points Oll.l, U otf" € R, and the binarization of a value v; is ob-

tained by considering whether v; lies above or below each Olij.

i 1 it viza{
7o if U,‘<Oli]

The oc,.j are computed as the semi-sums of each couple of val-
ues v; and v; belonging to training records from opposite classes

and adjacent on f;: ozij = (v} +v})/2. This identifies the borders be-
tween regions corresponding to opposite classes. When positive
and negative records excessively overlap, and purely positive or
negative regions become rare, this technique can still provide the
borders between regions having opposite class predominance (see
also Bruni and Bianchi, 2015).

Example 1. Consider a small training set of 5 records representing
persons, with fields age, in years, and education, containing the
highest degree obtained. The latter is an ordered categorical field,
which can be seen as numerical.

We use the following 5 levels: 1 = elementary school or no ti-
tle; 2 = middle school; 3 = high school; 4 = bachelor’s degree;
5 = master’s degree or Ph.D. The classification is “has mobile In-
ternet connection” or not.

record ID age education mobile Internet?
sT 17 3 yes
St sy 33 5 yes
s3 70 5 yes
5 sy 31 2 no
S5 47 4 no

To visualize the cut-points, we plot the records’ values by using
a framed + for the positive ones and a framed - for the negative
ones.
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17 3133 47 70 value of pattern P applied to record r:
age i ii |J__I- I I v B 1 1 .
g -] | d; P(r) 1 if P covers r;
24 32 40 58.5 ~ 10 if P does not cover r.
‘ 1 'i |J3-| j_l 5 A positive pattern Pt is defined as a pattern covering at least c*
education ! 1 [+] R positive records but no more than e™ negative ones. A negative
9.5 3.5 4.5 pattern P~ is defined as a pattern covering at least ¢~ negative
records but no more than e~ positive ones. We call the pair of
The cut-points obtainable from this set are: a;ge=24; values (c*, e™) the requirements for being a positive pattern; con-
agge:32; agge:40; a;‘ge:58,5; alyiion=2.5; o2 ii0n=3.5; versely, (c~,e”) are the requiren?eﬁts for being a negative pat-
@3 ason=4.5 tern. Values are such that the minimum correct coverage (c* or
education ° . . .
The corresponding binary attributes are: c~) is always larger than the corresponding maximum erroneous
al,, meaning age > 24; a,, meaning age > 32; a3,, mean-  Coverage (e or ™). Patterns with e" =0 or e~ = 0, namely, pat-
ing age > 40; agge meaning age > 58.5; al,_.,.. meaning has terns noF covering any record of the opposite class, are called
hi 5 . 3 . pure, while patterns with et > 0 or e~ > 0 are called fuzzy. Sev-
igh school; a54,caci0n Meaning has bachelor’s; a2y, ..;,, Meaning

has master’s or Ph.D.

A set of binary attributes {a{ } used to binarize a dataset S is
called support set U. We are interested in selecting a small (and
meaningful) support set. This selection is necessary for reducing
the computational complexity of the remaining part of any LAD-
based procedure, which may otherwise become impracticable. This
combinatorial optimization problem is modeled by using a binary
decision variable x/ for each a/, such that

x =

{1 if a{ is retained in the support set;
1

0 if a{ is excluded from the support set.

In classical LAD methodology, the problem is formulated as an un-
weighted set covering problem (see, e.g., Boros et al., 1997). On the
other hand, Bruni and Bianchi (2015) proposes a technique to eval-
uate the quality q{ of each a{, based on its power of separation.

The qu are computed so that the total quality of a set of binary at-
tributes should correspond to the sum of their individual quality
values. One can evaluate the computational burden added to the
pattern generation by retaining each single attribute a{ , and call
it its size aij. When no specific evaluations can be done, all sizes
could be set at 1. Thus, by setting a maximum affordable compu-
tational burden d (for instance on the basis of the available hard-
ware, time, etc.) the support set selection problem can be modeled
as binary knapsack:

max Y%, Z;lI:] CI,! X,!
st XIS o) o
J

x] € {0,1}.

<d (1)

In our case, all oij =1, and this model can be solved by simply

sorting the q{ values and taking the best d of them. The selection
is actually performed twice, for positive and negative attributes, to
find the set Ut of the selected positive attributes and the set U~
of the selected negative ones.

The selected support set U=U"uUU~ is then used to create
patterns. A pattern P is a conjunction (A) of literals, also called con-
ditions, that characterizes one class. We denote a positive pattern
by P* and a negative one by P~; when the class is not specified
we simply use P. Literals are binary attributes a{ e U or negated

binary attributes ﬁa{. Given a binarized record ry, ie., the set of
binary values {b{ } for each a{ e U, each literal of P receives the
value b{ € {0, 1} for literal a{ and (1 —b{) € {0, 1} for literal —a{.
We have that P =1 if all literals of P are 1, P =0 otherwise. We

say that a pattern P covers a record r, and that r activates P, if the
set of values r, = {b{} makes P = 1. We write P(r) to denote the

eral works in the stream of research devoted to LAD use only pure
patterns.

Finally, to perform the classification, weights wy are assigned
to all patterns, with w;, > 0 for positive patterns and w, <0 for
negative ones. Such weights represent a measure of the posi-
tive or negative valence of each pattern. Several criteria to de-
termine the wj, exist (e.g., Boros et al, 2000; Bruni and Bianchi,
2015). Now, an unlabeled record r is classified on the basis of
the activated patterns, by computing the following weighted sum,
called discriminantA(r) = Y, w,P,(r), and by selecting a thresh-
old §: r is predicted to be positive if A(r)>3§, and negative if
A(r)<é.

Example 2. By continuing Example 1, if we set ¢t =c~ =1 and
et =e~ =0, a positive pattern is for instance: P;" = a2, ation
, which means “one has mobile Internet if education is mas-
ter's or Ph.D. Pattern P has 1 condition; it covers 2 positive
records (szﬂ s3+) and no negative ones. Another positive pattern
is: P =—a2,, A lycarion » Which means “one has mobile Inter-
net if age is < 40 and education is at least high school. Pat-
tern P; has 2 conditions; it covers 2 positive records (51*, sz+)
and no negative ones. A negative pattern is for instance: P, =
0lge A =@ 4ycarion » Which means “one has NO mobile Internet if
age is > 24 and education is no more than bachelor’s. This pat-
tern has 2 conditions; it covers all the 2 negative records (s}, s;)
and no positive ones. All these patterns are pure. Of course, even
for this simple example there exist many other patterns not listed

here.

Patterns can be generated by using combinatorial enumeration
techniques based on two types of procedures: bottom-up or top-
down. The bottom-up generation of a positive pattern proceeds by
conjoining one by one single conditions until obtaining a formula
that respects the requirements for being a positive pattern. We
generate bottom-up patterns by using literals in greedy order, i.e.,
by decreasing values of q{, and avoiding specializations of conjunc-
tions that already are patterns. Though in principle all such com-
binations of literals could be generated, the enumeration can be
guided by setting requirements on the coverages of the patterns,
their length, etc. The computational burden is controlled by setting
a not excessive value of d in (1).

3. Identifying the most interesting patterns to characterize
Probabilistic Discrete Choice Behavior

All the patterns generated by the procedure give their contri-
bution for the classification, and, roughly speaking, a large set of
patterns allows better accuracy. However, if we aim at finding ex-
planations of socio-economic phenomena, the interpretation of a
large set of patterns may be problematic. In this case, the set of all
the available labeled records is used as training set S, and there is
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no need of a classification step after the generation of the patterns.
Instead, we want to set up an algorithmic procedure which should
identify the most practically meaningful patterns within the large
set P of all the patterns.

Given a generic pattern P, we define the following sets and
values to describe its features. The set of its conditions is Lit(Py).
The number of such conditions is I(P,) = |Lit(P,)|. In the space de-
fined by the d binary attributes of U, the Boolean hypercube B is
the set of the 29 points having as coordinates all the possible bi-
nary strings of length d, that is, all the possible binarized records.
A (d — I)-dimensional subcube consists of the 29-! points of B¢ for
which [ <d coordinates are fixed to 0 or 1. A positive pattern P;’
is a particular (d -1 (Ph+ ))-dimensional subcube such that the car-

dinalities of its intersections with S+ ¢ B and S- c B¢ satisfy the
requirement (c*,e") for being a positive pattern. A specular sit-
uation holds for a negative pattern. The size s(Ph+) of Ph+ is the

number of points 20-1ED) of the corresponding subcube. The cor-
rect coverage COU(P;r ) of Ph+ is the set of the records of S* covered
by PF. The number of hits is c(P]) = [Cov(P)|. Similarly, its er-
roneous coverage Err(Ph+ ) is the set of the records of S~ covered
by P . The number of errors is e(P) = |Err(P})|. Moreover, we
are considering data obtained from a sample survey. Hence, each
record r does not correspond to only one individual, but to a num-
ber w; of individuals: the multiplicity of r in the target population
of the survey, also called universe of the survey. Such multiplicities
are not the same for the different records. If we bring the values
back to the universe, by counting each record for its multiplicity,
the above defined values become: the number of hits reported to
the universe c*(PF) = Zreaw(,,;) Wr, and the number of errors re-

ported to the universe e"(P) = Zrem(,);) wr. Specular definitions

hold for a negative pattern.

Pattern features have been studied in several works belonging
to the stream of research devoted to LAD (e.g., Alexe et al., 2007;
Bonates et al.,, 2008; Hammer et al., 2004). Some preference crite-
ria have been described in Hammer et al. (2004). For instance, sim-
plicity preference is defined as follows: a pattern P, is simplicity-
wise preferred to a pattern P, if and only if Lit(P,) < Lit(Py). Selec-
tivity preference is defined as follows: a pattern P, is selectivity-
wise preferred to a pattern Py if and only if s(P,) < s(P). Eviden-
tial preference is defined as follows: a pattern P, is evidentially
preferred to a pattern P, if and only if Cov(P,) < Cov(P,). How-
ever, the above criteria are not suitable for evaluating the abil-
ity of a pattern in identifying an homogeneous set of individu-
als and to estimate the associated probabilities of the output. In
these cases, we suppose that each labeled record in the sample
S reports the outcome of a discrete choice operated by an ob-
served decision maker, and the set of factors that have affected
that choice. The first is called the output, while the seconds are
called explanatory variables. Discrete choice methods (Manski and
McFadden, 1981; Train, 2009) build models of the decision mak-
ing process that result in the estimation of the probability of
each choice (the output) given the values of m explanatory vari-
ables. The probabilistic nature of these models reflects the hetero-
geneity of the decision makers and the limits of the explanatory
variables in characterizing the choice. Theoretically, with a suffi-
ciently large sample, we could estimate the probabilities Pr(+|r)
and Pr(—|r) of the output by computing the frequencies of the out-
put classes for each combination r of all the explanatory variables.
In practice, the size of the available sample usually does not al-
low this granularity, and, even in more sophisticated estimation
procedures such as logistic regressions, the number of explana-
tory variables has to be reduced in order to avoid over-fitting and
multicollinearity.

To define a subset (i.e., a category of individuals), we fix a tu-
ple of values for k <m of the m explanatory variables, and we de-
note it by (vj,...,v;). In general, each explanatory variable has
a different importance in determining the behavior. If the chosen
k variables gather enough importance, the frequencies of the out-
put classes in the subset defined by Wiy, v) would approxi-
mate the respective probabilities. Since each pattern corresponds
to the binarization of a tuple (v, ..., V), it defines a specific cat-
egory of individuals. Given, w.l.o.g., a positive pattern Ph+ , the in-
dividuals in Cov(P,:“) are those which, in that category of individ-
uals, behave so as to have positive output, while those in Err(P;)
are those which, in the same category of individuals, behave oppo-
sitely. Practically meaningful patterns should possess the following
properties:

o generality, i.e., they have large correct coverage (large value
of ¢);

e accuracy, i.e., they have small erroneous coverage (small value
of e);

« simplicity, i.e., they require few conditions (small value of I).

Thus, in choosing the patterns, we have to deal with multiple cri-
teria. Given the set of the patterns of one class, we define the effi-
cient patterns. We discuss the case of positive patterns; the discus-
sion for negative ones is straightforward.

Definition 3. Given a dataset S, a generic record r<S, and the set
P+ (r) of the positive patterns having r in their correct coverages,
a pattern P, € P*(r) is efficient if it does not exist another pattern
P, € P+(r) such that c(P;)>c(Py), e(Py)<e(Py), I(Py) <I(Py), and at
least one inequality holds strictly.

In other words, an efficient pattern is non-dominated among
those in P+ (r). The set of all efficient patterns is the efficient fron-
tier P*T(r) < P+ (r) of the above set P*(r).

Remark 4. Given a dataset S, a generic record reS, and the cor-
responding set of efficient patterns P**(r), then there is a trade
off between the accuracy (small value of e) of a generic pattern on
one side, and its generality (large value of ¢) and simplicity (small
value of I) on the other side.

A simple motivation is obtained by using Boolean arguments.
Consider a generic positive pattern P+ e P**(r) composed of the
conjunction of | conditions written using a support set U with
cardinality d, thus defined on the Boolean hypercube BY. Since
P* represents a (d — [(P*))-dimensional subcube FcB? with size
s(Pt) =24~ its size s(P*) increases when decreasing I, and vice
versa. The records of S are distributed along the vertices of B In
particular, S* and S~ tend to be scattered along the vertices of BY
and to constitute sets that are hardly coincident with subcubes,
even though the d binary attributes are selected in (1) by pursu-
ing the best separation of S* and S~. Denote by F* the set of the
positive records lying on the vertices of F, and by F~ the set of
the negative records lying on the vertices of F. The cardinalities of
both F* and F~ cannot decrease when increasing s(P*), and ac-
tually they always increase, except in the case when the removed
condition was irrelevant among those in P*. Now, an increase in
the cardinality of F* increases the generality, while an increase in
the cardinality of F~ decreases the accuracy. With respect to the
requirements (c*, et), we observe that, when the requirement c*
is increased (we pursue generality), patterns need larger s, hence
they tend to have smaller | and larger e, so the requirement e*
should also be increased. On the contrary, if the requirement e™
is decreased (we pursue accuracy), the value of I tends to increase
and the requirement ¢ should also be decreased, since it must be
small enough with respect to s, that also decreases.
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As a consequence, without an explicit identification the above
efficient frontiers, we should consider both a measure of generality
and a measure of accuracy to evaluate a generic pattern Pj, and
search for patterns providing good compromises between the two
values. We now introduce a slightly different measure of accuracy:
the error percentage, defined as follows:

100 e(Pf
e(R) = +7(h)+ 5
"B +eBy

Note that 5(P;’) is actually the probability that an individual
belonging to the category defined by PhJr has negative output. Now,
we can combine ¢(Py) and &(Py), in several ways. In what follows,
we will simply present our procedures by using c(Py)/e(P,). How-
ever, it should be understood that different combinations of cov-
erage and accuracy can be considered, depending on the preferred
area in the mentioned trade-off between generality and accuracy,
and that we can also use c%(P) and e%(P) to take into account the
underlying universe.

We define a first preference criterion, called -evidential-
probability: a pattern P, is preferred to a pattern P, with
evidential-probability if and only if c(P,)/e(Py)> c(Py)/e(P). This
practically means that P, defines a large category of individuals
that behave quite uniformly w.r.t. the phenomenon under analysis;
therefore P, is meaningful. To apply this criterion, we can sort, sep-
arately for each class, all patterns by decreasing values of c¢(P)/e(P),
and take those in the initial positions of the ordering of each
class.

However, to obtain meaningful patterns, we also have to deal
with another aspect. In complex phenomena, there are vari-
ables that are strongly associated (for example, level of education
and professional position). Hence, the same aspect of the phe-
nomenon can be explained by patterns alternatively using these
strongly associated variables, since such patterns would cover
highly overlapping sets of records. In general, we would like to
avoid this kind of redundancy, even if the presence of such al-
ternative explanations may be interesting when they derive from
the joint effect of different groups of variables in two different
patterns, rather than from the direct association of two single
variables.

3.1. Ordering by using incremental coverage

A crucial weakness of the simple criterion described above is
that the coverages of different patterns may overlap. A pattern Py
may have a high value for c(Py,)/e(P,); however, if P, covers almost
the same records of another pattern P, preceding P, in the above
defined ordering, it becomes far less interesting. To overcome this
weakness, we define the incremental coverage Cov'(P,). Given an
ordering O of the patterns of one class, positive w.l.o.g., and ex-
pressing that P, precedes P, in O by P, < Py, the incremental cov-
erage Cov'(P,) is the set of the records of St covered by P, and
not in Cov(P,) for all k such that P, < Pj. For the first pattern in
the ordering, the incremental coverage coincides with the cover-
age. The incremental number of hits is c/(P,) = |Cov'(P,)|. Given
0, we define similarly the incremental erroneous coverage Err!(Py),
the incremental number of errors e/(Py,) and the incremental error
percentage &' (P,) = 100 e/ (P,)/(c'(P,) + €!(P,))%. One way to com-
pute these values is to keep a matrix M of the incidences between
patterns and records: each element my, is: 1 if r, € Cov(B,); -1 if
1, € Err(Py); O otherwise.

We can now define a second preference criterion, called
disjoint evidential-probability: a pattern P, is preferred to a
pattern P, with disjoint evidential-probability if and only if
c!(Py)/e'(Py) > c!(Py)/€!(Py). This means in practice that P, defines
a large category of individuals that behave uniformly, and that
are disjoint enough (even if not completely) from the categories

defined by the patterns preceding P, in O. To identify mean-
ingful pattern according to this criterion, we use the following
Procedure 1 for each class separately.

Procedure 1: find sufficiently disjoint meaningful patterns

1. Input The set of patterns P of one class; the pattern-records
incidence matrix M.
2. Output An ordering O’ of P by disjoint evidential-probability.

1. Initialization: Order the patterns by decreasing values of
c(P)/e(P), obtaining the initial ordering Og. Let  :=1.
2. Iteration t:

(a) For the patterns in the positions from 7 + 1 to the last one of
O, compute c{ and 8{ corresponding to the current ordering O
using matrix M.

(b) From position 7t + 1 to the last one of O, sort the patterns by
decreasing values of c! /¢!, obtaining a new ordering O, 1.

(c) Compare O, to O and let  be the last position until which
O¢ and O, coincide.

(d) Check if the pattern in position r + 1 already assumed that po-
sition in a previous iterations and subsequently left it. If YES,
then fix it in position 7 + 1 and let 7 := 7w + 1.

(e) If Oryq # O, then let t :=t+ 1 and repeat the Iteration. Else,
let O := O, and exit.

The above Procedure 1 terminates, because the ordering will al-
ways converge. Indeed, consider the sequences O; and O;,; ob-
tained at two generic consecutive iterations. Sequences O; and
O¢,1 coincide at least in the first position, because the first pattern
in the ordering Og will always maintain its position when switch-
ing to incremental coverages. Now, let 7 be the last position of
the ordering in which Or and O, coincide. Each time that the
incremental coverages are recomputed, they cannot change for all
the positions that go from the first till the w-th. Hence, m can-
not decrease. There is a slight chance that it could remain the
same, when two (or more) patterns cyclically swap their positions
from one ordering to the next. To avoid this and similar situations,
we perform step (d): whenever the pattern in position (7 +1)
cyclically assumes different positions and then returns to position
(m + 1), we fix it to that position and we proceed. Therefore,
is forced to increase, at least after a certain number of iterations
in which it remains constant. Consequently, the ordering will con-
verge to a final one called ©'. The procedure is computationally
viable, since it essentially recomputes incremental coverages and
sorts values.

Patterns in the first positions of ©' represent good compromises
between coverage, accuracy and disjointness of the coverages. The
number of patterns to bring out can be chosen, for instance by tak-
ing them until they cover at least a certain portion of the dataset,
or until their value for c}/e! is above a certain threshold (a pat-
tern with ¢ <e! would add more errors than correct cases, so there
would be reasons to reject it). Experimentally, we pass from a set
of several thousands of patterns to a few hundreds that are able to
cover almost the whole dataset.

3.2. Generation of orthogonal patterns

The above described Procedure 1 heuristically aims at obtain-
ing patterns that correspond to disjoint categories of individu-
als. However, it cannot provide a bound on the amount of dis-
junction between such sets. We say that two patterns are or-
thogonal if their coverages are disjoint, i.e., they have empty in-
tersection. The following Procedure 2 is a new ordering proce-
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dure able to provide the pairwise orthogonality of the generated
patterns.

Procedure 2: find orthogonal meaningful patterns

1. Input The set of patterns P of one class; the pattern-records
incidence matrix M.
2. Output A set of internally orthogonal patterns P9 build over P.

1. Initialization: Order P by decreasing values of c(P)/¢(P), select
the first pattern and call it P;. That is also the first orthogonal
pattern P_.

2. Iteration t:

(a) Drop from M all columns (records) in Cou(PtO). If the remaining
columns are less than a threshold v, exit.

(b) For each row of M, update the number of hits and of errors to
determine a new set of patterns 7.

(c) In P select the pattern which maximizes c(P)/e(P) and call it
Pyt

(d) Compute the logic negation of the previous orthogonal pattern
PR? and generate the next orthogonal pattern P9, = P4 A —P°;
let t :=t + 1 and repeat the Iteration.

The above Procedure 2 will generate patterns until they cover at
least a certain portion of the dataset (for example, almost all).
Clearly, the length of the orthogonal patterns [(PC) rapidly in-
creases. However, experimentally, we only need a very small num-
ber of patterns to cover almost the entire dataset. Moreover, even
the sequence of patterns P; (those without the negation of the pre-
vious ones) will have an interesting practical significance, with the
advantage of being more easily readable. Furthermore, the condi-
tions defined by each P;, for t =1,..., 7, when t is not greater
than 4 or 5, can be used to produce a partition of the whole
dataset by considering all the 2 combinations of their asser-
tions/negations. This constitutes a partition of the individuals in
categories that are relevant for the phenomenon under analysis.
The procedure is computationally viable, since it essentially up-
dates number of hits and errors, finds the maximum of a vector
and writes logical negations. The above Procedures 1 and 2 were
selected as the most representative of the many others developed
and tested.

4. The analysis of the diffusion of the internet

We apply the methodology presented above to analyze the dif-
fusion of the Internet among Italian population. The Italian lag
in the household Internet demand, and in particular in broad-
band services demand, has been widely analyzed by international
sources (Eurostat, 2017), proposing several explanations. On the
demand side, a major barrier is the Italian population structure,
characterized by high elderly-to-youth ratios (similar only to those
of Germany, in the whole European Union). Moreover, educa-
tion levels (and consequent skills and interests) are sometimes
lower than in other European comparable countries (i.e., Germany,
France, Spain, United Kingdom), especially for the elderly peo-
ple. Finally, Italy has also a low level of labor market participa-
tion, due to the number of retired people, housewives and NEET
(Not in Education, Employment, or Training), high level of un-
employment, and a high percentage of unskilled or blue collar
workers. In Dolente et al. (2010), contingency matrices show that
the four variables Education, Age, Working status, and Professional
level strongly influence the individual use of the Internet. However,
since digital divide is a complex and multifaceted issue, we expect
that, in different homogeneous segments of the population, differ-
ent factors are relevant, or that their effects have different inten-
sity. The building of causal statistical models of Internet usage is a

prerequisite for the design of effective policies aimed at fostering
Internet connection demand in Italy, in order to meet the goals of
the European Digital Agenda (European Commission, 2014), which
sets objectives for the growth of the European Union digitalization
by 2020.

In the literature, causal analyses of these phenomena usually
adopt Logit and Probit models (Agresti, 2007) of individual discrete
choice. Examples can be found in Cerno and Pérez Amaral (2006);
Chaudhuri et al. (2005); Flamm and Chaudhuri (2007) and
Whitacre and Rhinesmith (2016). A first step in developing a casual
model for Italy is performed in Dolente et al. (2010) using a logistic
regression. While the model appears satisfactory in terms of fitting
and interpretation of the phenomenon, further exploration of data
is needed to understand whether:

(i) Different and simpler explanations are possible for different
segments of the population. A clusterization of the cases may
improve the explanation of the endogenous variables in each
cluster; for example, in some segments of the population, the
Internet is not used because of lack of interest or skills, while
in others budget constraints prevent the adoption by interested
people.

Alternative classification rules produce equivalent aggregated

characterization of the data; for example the joint effect of

working status and professional level may be used instead of

a qualitative variable on the economic satisfaction of the indi-

vidual.

(iii) Any additional variable not included in the original logistic
model is discovered to play a role in the causal explanation of
the output.

(iv) Any additional variable without strict causal effect can nev-
ertheless improve classification and explanation. This may oc-
cur when an observed behavioral variable is associated to
the endogenous variable through the effect of latent factors
affecting both, as in seemingly unrelated regression models.
Examples are the association between Internet use and the
use of credit cards or the propensity to tourism or cultural
consumption.

(ii

—

4.1. The dataset

A survey provided by the Italian National Institute of Statis-
tics (Istat) collects every year a large variety of data about socio-
economic status and daily habits of more than 46,000 individ-
uals belonging to about 20,000 households, chosen to represent
the whole Italian population. The survey can be used to estimate
a number of statistical tables, significant at regional level. How-
ever, the use of microdata (i.e., the set of all the answers pro-
vided by each respondent) allows a far greater flexibility in ex-
ploring individual behavior. The aspects investigated in the sur-
vey include: Socio-demographic and professional characterization
of the individual; Education; Household structure and composi-
tion; Dwelling features, issues and surrounding area; Nutrition and
lifestyle; Drugs consumption and medical conditions; ICT related
behavior of individuals and households (as required by the harmo-
nized Eurostat surveys that support the European Digital Agenda
goal assessment and policy development); Daily commuting; Cul-
tural consumption, spare time and social participation; Household
goods ownership; Environment and recycling; Security; Satisfaction
for different aspects of life.

We extracted a dataset composed of 39 explanatory variables
and 34,455 records from the 2012 edition of survey, by considering
all the variables that may represent socio-economic and cultural
determinants related to Internet use, and the output class, which
is 1 if the individual is an Internet user (at least once a week) and
0 otherwise. Note that the selected subset of possible explanatory
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Table 1
Summary of the results in the different tests.

Test 1 Test 2 Test 3 Test 4 Comparison with
pure SLAD  fuzzy SLAD  SLAD + Procedure 1 SLAD + Procedure 2 C 4.5 Decision Tree
Parameters ct 10 5 10 10 n.a.
c 10 10 10 10 n.a.
et 0% 20% 20% 40% na.
£~ 0% 10% 20% 40% n.a.
Positive patt. Total patterns selected 6650 6761 198 7 32
With incremental coverage 1314 420 198 7 32
Avg. incremental coverage 11 2.6 87 2057 618
Max coverage 164 6544 8096 8096 8142
Max number of conditions 10 10 6 2 1
% records covered (+) 42% 96% 96% 80% 100%
Avg. patterns covering each record | 21 148 85 1 1
Negative patt.  Total patterns selected 72,682 10,856 243 7 27
With incremental coverage 2621 1034 243 7 27
Avg. incremental coverage 0.2 13 65 1872 543
Max coverage 1673 4175 8144 7236 3945
Max number of conditions 6 13 8 3 1
% records covered (-) 90% 86% 96% 80% 100%
Avg. patterns covering each record | 341 114 98 1 1
Running time of the whole test (in s) 5330 2680 970 590 60

variables is much larger than the set of variables typically used in
a discrete choice model. In particular, in Dolente et al. (2010) the
model of the phenomenon takes into account 9 variables. Indeed,
we are also interested in verifying if our approach can help in
identifying the best subset of those variables based on accuracy,
generality and parsimony criteria.

4.2. Empirical results

We perform experiments using the described version of LAD,
called SLAD (Statistical and Logical Analysis of Data) (Bruni and
Bianchi, 2015), with and without Procedures 1 and 2, to evaluate
their advantages. The binary attributes obtained from the original
variables are 70. We also apply to the same dataset a C4.5 de-
cision tree algorithm (Quinlan, 1993). Results are summarized in
Table 1. For each test, we report input parameters (see Section 3)
and the following output performance indicator for the patterns in
each class:

« the total number of patterns selected, the most relevant indica-
tor of problems of redundancy and fragmentation;

o the number of patterns that provide a positive incremental cov-
erage;

o the maximum cardinality of the coverage of a single pattern,
that indicates whether we obtain at least one pattern with large
generality;

o the average cardinality of the incremental coverage, computed
on the whole set of selected patterns, that indicates the capac-
ity of the algorithm in limiting the redundancy of the generated
patterns;

o the maximum number of conditions appearing in a single pat-
tern, useful to assess the generality and the readability of the
selected patterns;

o the percentage of records in the sample covered by the whole
set of selected patterns, in order to provide evidence of the
suitability of the algorithm;

o the average number of patterns that correctly cover a single
record, a useful indicator of the redundancy of the selected pat-
terns.

In Test 1 we generate patterns as described in Section 2, and we
allow only pure patterns. This means that we are actually ignoring
the probabilistic nature of the phenomenon, looking for subsets of

the sample characterized by the same value of the output class.
We obtain a huge number of patterns, with a small maximum
and average incremental coverage, as a consequence of Remark 4.
Most importantly, only 7641 out of the 18,077 (about 42%) posi-
tive records in the data set are identified by at least one pattern,
while 14,762 out of 16,378 (about 90%) negative records are identi-
fied. This suggests that it is much easier to find categories of peo-
ple that do not use the Internet at all. The selected patterns, espe-
cially the negative ones, have large overlaps: each positive [nega-
tive] identified record is covered by 21 [respect. 341] patterns, on
average. This may mostly be due to correlation between different
explanatory variables. The results of this first test are clearly not
satisfactory: the large number of patterns, even restricting to those
that provide an incremental coverage, makes it difficult to gain in-
sights on the phenomenon. Note that, when using the techniques
described in Section 2 (tests 1 and 2), the incremental coverage
of each pattern is computed ex-post, after ordering the patterns
by decreasing total coverage. When using Procedures 1 and 2 of
Section 3 (tests 3 and 4), patterns with no incremental coverage
are directly excluded by the algorithm.

To improve the above results, in Test 2 we change some param-
eters, still using only the pattern generation of Section 2. First, we
allow patterns selecting a given maximum percentage of records of
the opposite class. Secondly, we use asymmetric parameters, since
negative records are more homogeneous. For example, by setting
ct =5, et <20%, ¢ =10, e~ < 10%, we obtain 6761 positive and
10,856 negative patterns. Both the maximum and the average in-
cremental coverages are higher than in Test 1, for positive and
negative patterns. Moreover, there is a significant improvement in
the percentage of positive records covered. However, the resulting
set of patterns is still too large to provide useful insights of the
phenomenon. These results highlight the need for procedures tai-
lored on the specificities of the probabilistic discrete choice set-
tings, and allow us to explore the trade-offs among our different
goals:

 discrimination power between the two output classes (Inter-
net users and non-users), however considering that probabilis-
tic behavior implies that we deal with non-homogeneous sub-
sets, and that the distributions of the output classes in each
region of the space are not known in advance;

Please cite this article as: R. Bruni et al., Logical Analysis of Data as a tool for the analysis of Probabilistic Discrete Choice Behavior,
Computers and Operations Research (2018), https://doi.org/10.1016/j.cor.2018.04.014



https://doi.org/10.1016/j.cor.2018.04.014

JID: CAOR

[m5G;September 24, 2018;21:34]

8 R. Bruni et al./Computers and Operations Research 000 (2018) 1-11

Table 2
Positive patterns produced by Test 3.

Pattern P Py P Py Py 12 PF Py Total
Credit card holder Yes Yes
Labour status Working Working
Marital status Single Single
Labour status of s B
% female head of HH Working Working
3 Economic Index
Pt >0.47
8 [0:1] -
B e High School High School High School High School
o Education or university or university or university or university
Age <34
‘Week working h > 22
Cultural . . .
consumption High High High
Incremental coverage (records) 8,096 2,244 2,232 1,042 721 493 227 224 15,279
Incremental error percentage 14.45 % 23.78 % 27.56 % 36.35 % | 39.72 % | 37.99 % 42.24 % 44.42 % 23.27 %
Table 3
Negative patterns produced by Test 3.
Pattern P Py Py P Py Total
Credit card holder No No No
Age > 55 > 55 > 55
» . Middle school Middle school | Middle school
A Education
2 or lower or lower or lower
el
s Cultural
g . Low Low
3 consumption
o Holidays No No
Marital status Married
Incremental coverage (records) 8,144 2,273 730 484 402 12,033
Incremental error percentage 15.64 % 27.61 % 30.67 % 35.89% 39.64 % 21.20 %

relevance, i.e. the patterns should cover a large number of ob-
servations;

simplicity, i.e. the patterns should consist in a small number of
conditions;

e non-redundancy, i.e. the pattern should have limited
(Procedure 1) or no overlap (Procedure 2) with each other.

Procedure 1. We perform Test 3 using the incremental coverage as
ordering criteria (see Section 3.2). The algorithm selects 198 pos-
itive patterns and 243 negative patterns. This is an important im-
provement with respect to the thousands of patterns obtained in
the first two tests. Moreover, in order to increase the readability of
the results and therefore the understanding of the phenomenon,
we can set some ex-post criteria and drastically reduce the num-
ber of patterns. If we select patterns with an incremental coverage
of at least 200 records, and with a maximum incremental error
of less than 45%, we obtain only 8 positive patterns, which alone
correctly identify 84% of the Internet users in the dataset, and 5
negative patterns, which alone correctly identify 75% of the non-
users. Their analysis is in Tables 2 and 3. However, these patterns
still partially overlap. Every selected record is covered by about 3
different patterns.

Procedure 2. In Test 4, a pattern added in the step i of the pro-
cedure selects records that were not selected in the previous i — 1
steps. Hence, each pattern is generated only if it is strictly needed
to cover a predefined minimum number of additional records.
Moreover, we can logically define the region of the space added
at the step i as the conjunction of the conditions in pattern i with
the logical negation of all the previous i — 1 patterns. In principle,
this allows us to identify the logical expressions of a partition of

the set of all the selected records. In practice, the resulting expres-
sions may become cumbersome. However, the logical disjunction
of the selected patterns provides a readable expression for the set
of all the selected records in the output class.

The results for positive patterns are in Tables 4. The total num-
ber of users covered by this set of positive patterns is 14,399
out of 18,077, that is 80% of the sample. In particular, the first
pattern shows how 8.096 users are described by the conjunction
of just two conditions: education level at least high school and
high level of cultural consumption. The latter represents an index
that summarizes the cultural habits of an individual in the last 12
months, such as attending concerts, sports events, visiting muse-
ums, going to cinema, reading books etc. Moreover, the percent-
age of non-users selected by this pattern is just 14.45%. Interest-
ingly, the second pattern covers under-35 users that are not cov-
ered by the previous pattern, i.e. that do not have a high level
of education or cultural consumption. This pattern is neverthe-
less quite large, covering 3759 users with a non-users incidence of
26.25%.

By applying De Morgan’s Laws, it is possible to simplify the dis-
junction of the selected positive patterns, obtaining the following
expression:

(Age < 34) v (Income source = Salaried job) v
(AC ownership = yes) v (Credit card = yes) v
(Education = High School or University)
This is an important finding, showing that Internet use is influ-
enced by the young age, the income source and the level of ed-

ucation. The algorithm has selected the last two variables as the
most parsimonious proxies of the economic habits of the Italian
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Table 4
Positive patterns produced by Test 4.

Pattern P Py P

P P B PF Total

Credit card holder Yes

Income source

Salaried job

Labour status

Working

A.C. ownership

High School

Education . .
or University

Conditions

High School
or University

Age

Cultural

. Higl
consumption 18h

Incremental coverage (records) 8,096 3,759

1,678

533 149 87 97 14,399

Incremental error percentage 14.45 % 26.25 %

23.76 %

36.85 % 36.86 % | 37.41 % 37.42 % 20.60 %

Table 5
Negative patterns produced by Test 4.

Pattern P Py Py

P, Pr Py P Total

5

Labour Status

Housewife Housewife

Number of income
receivers

0-1

Geographic arca

South or
major islands

Credit card holder No No

Age

A%
ot
Sy

Middle school

or lower

Middle school

Education
or lower

Middle school
or lower

Kinship with head

of the HH

Conditions

Spouse Spouse

Marital status Married

Cultural

. Low
consumption

Avorage cars per
person

<= 0.585

Holidays No

Incremental coverage (records) 7,236 3,520

1,519

757 34 19 17 13,102

18.45 % 26.00 %

Incremental error percentage

households. Air conditioning is still considered a luxury good, and
holding a credit card may be a proxy of both income and a positive
attitude towards innovation.

The results for negative patterns are in Tables 5. In this case,
13,102 out of 16,378 non-users are covered by the selected pat-
terns, again 80% of the sample. The largest (7236 records) and
most homogeneous (18% of users) pattern is made up of non-users
that do not possess a credit card, have a lower degree of educa-
tion and are currently married. Another 3520 non-users have a
low level of education and of cultural consumption, but do have
a credit card or are currently married. Negative patterns involve
a larger number of conditions overall (11 vs 7) and do not allow
the level of simplification of the previous class. Anyway, consid-
ering just the first four patterns, which cover most of the cases
in the partition (13,032 out of 13,102), we obtain this important
description:

(Age > 55) v (Edu. = Middle or lower A Cultural cons. = low) v
(Credit card = No) A (Holidays = No) v
(Edu. = Middle or lower A Credit card = No A Marital Status = Married)

We finally compare the above results to the output of a C4.5 de-
cision tree. We note that the comparison is not straightforward,
because the tree algorithm gives directly by construction a parti-
tion of the dataset, so 100% of the records are covered, and each
record is covered by only one set of conditions: those obtained
visiting the tree from the root to the leaf containing that record.

36.26 %

35.74 % 32.00 % 3214 % 39.29 % 24.25 %

On the other hand, the sets of conditions characterizing each leaf,
that we will here call leaf patterns, do not have predetermined
length and may be considerably more complicated than the pat-
terns generated by Procedures 1 and 2. The decision tree finds
27 positive and 32 negative leaf patterns, using at most 11 binary
splitting conditions based on 18 explanatory variables. By compar-
ison, Procedure 2 uses 12 explanatory variables and the maximum
number of conditions in the patterns is 3.

The following 8 explanatory variables are in common between
the decision tree and the patterns: Age; Credit card holder; Cul-
tural consumption; Education; Geographic area; Income source;
Kinship with head of the HH; Labor status. One more variable is al-
most in common, since it appears in two specular versions: Num-
ber of income receivers and Number of persons without income.
The 9 variables used in the decision tree and not in the patterns
are: At least a 4-day holiday in the past year; Education of head of
the HH; Professional condition; Sector of activity; Takes courses in
informatics; Sex; Title for the house (ownership, rent, etc.); Type
of house; Presence of fixed telephone. On the other hand, the 3
variables used in the patterns and not in the decision tree are: Av-
erage number of cars per person; Marital status; Presence of A.C.
We observe that some of the variables selected only in the decision
tree are actually highly correlated (Professional condition; Sector of
activity, Takes courses in informatics), while some of the variables
selected only in the patterns constitute a very good and compact
description of the lifestyle of the household (Average number of
cars per person; Presence of A.C.).
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The coverage of the largest leaves and patterns (i.e., those
covering more records) have comparable values, and in gen-
eral the homogeneous categories of individuals obtained by the
two approaches have similar sizes. The patterns generated by
Procedure 2 differ from the leaves of the C4.5 tree, because of
course there exist differences both in the algorithms and in the
type of settings that the user can chose. However, patterns and
leaves often represent similar concepts expressed using different
variables, due to the high degree of correlation existing among
the variables. For example, by comparing the composition of the
largest leaves and patterns, we find that 73.2% of the records that
are in the largest positive leaf are also contained in the largest pos-
itive pattern, while, on the other hand, 65% of the records in the
largest negative leaf are also contained in the largest negative pat-
tern. Thus, Procedure 2 was able to produce a description that can
be considered functionally equivalent to that of the decision tree
but whose format can be somehow more controlled.

Though it was not the main purpose of our study, because the
behavior we analyze is inherently probabilistic, we also evaluate
the accuracy obtainable by the sets of selected patterns (Tests 3
and 4) in classifying unseen data of the same nature using the
LAD classification techniques described in Section 2, with pattern
weights wy, based on coverage. The overall classification accuracy
is defined as the percentage of cases in which the predicted class
coincides with the observed class. We perform a cross validation
using the dataset of the same Istat survey about socio-economic
status and daily habits in the year 2013, which is composed of
entirely different individuals, and we obtain an accuracy of 77.0%
for the patterns of Test 3 and 75.5% for those of Test 4. Since the
same sets of patterns, if used to classify the 2012 dataset, give
an accuracy of 78.5% and 75.8% respectively, we conclude that our
procedures are able to identify rather stable probabilistic phenom-
ena whose incidence is similar in the training and test sets. When
using the smaller set of patterns (Test 4), the number of records
which are not covered by any of the selected patterns slightly in-
creases. However, the considerable improvement in the intelligibil-
ity of the patterns compensates such a small decrease in the cov-
erage.

Furthermore, to evaluate the intrinsic difficulty of the classifica-
tion task over the same datasets, we repeat the same classification
using different classifiers. This was done by means of scikit learn
(Pedregosa, 2011), that is a very good machine learning package
currently included into scientific Python distributions. In our case,
the best results have been obtained with Random Forest classifier,
producing an accuracy of 77.3%. This means that, for these datasets,
the two classes are inherently overlapping, and that the patterns
selected by our procedures also possess an appreciable ability of
generalization.

5. Conclusions

We have presented here a new and computationally viable ap-
proach to obtain patterns that can be practically meaningful for
the analyses of Probabilistic Discrete Choice Behavior. In particular,
we have developed procedures carefully designed to satisfy the re-
quirements specific to this class of problems. These procedures are
aimed at the identification of patterns representing the best com-
promises between accuracy and coverage and at providing disjoint
coverages. We report results for the important case of the analysis
of the individual use of the Internet in Italy. Our procedures could
identify surprisingly small sets of patterns that are able to describe
this complex phenomenon. Although these automatic procedures
do not provide a proper interpretative model, the selected patterns
greatly support the identification of different categories of people
that may need different actions to be encouraged to use the In-
ternet. The described approach works only at the formal level and

automatically; thus, it can be applied to problems arising also in
very different contexts.
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