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outline

• basic facts about matrices

• eigenvalues - eigenvectors - characteristic polynomial - algebraic multiplicity

• eigenvalues invariance under similarity transformation

• invariance of the eigenspace

• geometric multiplicity

• diagonalizable matrix: necessary & sufficient condition

• diagonalizing similarity transformation

• a more convenient similarity transformation for complex eigenvalues

• spectral decomposition

• not diagonalizable (A defective) case: Jordan blocks
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matrices - notations and terminology

M =

0

BBB@

m11 m12 · · · m1q

m21 m22 · · · m2q
...

... ·
...

mp1 · · · mp,q�1 mpq

1

CCCA

M = {mij : i = 1, . . . , p & j = 1, . . . , q}

MT =
�
m0

ij : m
0
ij = mji

 

1⇥ 1

v : n⇥ 1

vT : 1⇥ n

M : p⇥ p

M : p⇥ q (p 6= q)

transpose

vector (column)

row vector

scalar

square matrix

rectangular matrix

p x q matrix

i-th row
j-th column

mij are the 
matrix elements

(or entries)

<latexit sha1_base64="X5JzfpPWRYClaLsR/uBCwZhgT8I=">AAACQnicbVDLSgMxFM34rPVVdekmWBRXZaat2o1QcOOyQl/SqSWT3rahmcyQZMQy9Nvc+AXu/AA3LhRx68L0gWjbA4HDOedyb44Xcqa0bb9YS8srq2vriY3k5tb2zm5qb7+qgkhSqNCAB7LuEQWcCahopjnUQwnE9zjUvP7VyK/dg1QsEGU9CKHpk65gHUaJNlIrdet60GUiDn2iJXsYOvgEZ7Hr4pwheRdE+9e6K+NLvCCeG8Wzc/FWKm1n7DHwPHGmJI2mKLVSz247oJEPQlNOlGo4dqibMZGaUQ7DpBspCAntky40DBXEB9WMxxUM8bFR2rgTSPOExmP170RMfKUGvmeS5r6emvVG4iKvEelOoRkzEUYaBJ0s6kQc6wCP+sRtJoFqPjCEUMnMrZj2iCRUm9aTpgRn9svzpJrNOOeZs5t8uliY1pFAh+gInSIHXaAiukYlVEEUPaJX9I4+rCfrzfq0vibRJWs6c4D+wfr+AWOArkw=</latexit>✓
1 2
3 4

◆T

=

✓
1 3
2 4

◆
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square matrices

0

BBBB@

m11 m12 · · · m1n

0 m22
. . . m2n

0
. . .

. . .
...

0 · · · 0 mnn

1

CCCCA

0

@
M1 0 0
0 M2 0
0 0 M3

1

A

✓
M11 M12

0 M22

◆

M = diag{Mi}, i = 1, . . . , k

0

BBBB@

m1 0 · · · 0

0 m2
. . . 0

0
. . .

. . . 0
0 · · · 0 mn

1

CCCCA
M = diag{mi}, i = 1, . . . , pdiagonal matrix

block diagonal matrix

upper triangular matrix

upper block triangular matrix

• lower triangular
• strictly lower triangular

• lower block triangular
• strictly lower block triangular

similarly:

similarly:

compact notation:

compact notation:

with Mi square matrix

with Mii square matrix
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square matrices

• determinant of a diagonal matrix = product of the diagonal terms

det

✓
M11 M12

0 M22

◆
= det(M11) · det(M22)

det

✓
M1 0
0 M2

◆
= det(M1) · det(M2) special case

special case

• will be useful for the eigenvalue computation

• for block triangular or block diagonal the computation of the determinant is simplified
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matrix-vector multiplication

• left multiplication of a matrix M by a row vector vT is equivalent to making a linear 
combination of the rows miT of M with coefficients the elements vi of vT

example

• right multiplication of a matrix M by a column vector v is equivalent to making a linear 
combination of the columns mi of M with coefficients the elements vi of v

<latexit sha1_base64="AucmkNoMZaZklYKs4vachFR2l38=">AAACEXicbVDLSgMxFM3UV62vqks3wSJ0VWaKjy4LblxWsA/olCGTuW1DM5khyRTL0F9w46+4caGIW3fu/BvTdhBtPRByOOde7r3HjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqSiRFJo04pHs+EQBZwKammkOnVgCCX0ObX90PfPbY5CKReJOT2LohWQgWJ9Roo3kFcuuDwMm0jgkWrL7KR57DnZd81VdEMGPXvCKJbtiz4FXiZOREsrQ8IqfbhDRJAShKSdKdR071r2USM0oh2nBTRTEhI7IALqGChKC6qXzi6b4zCgB7kfSPKHxXP3dkZJQqUnom0qz4FAtezPxP6+b6H6tlzIRJxoEXQzqJxzrCM/iwQGTQDWfGEKoZGZXTIdEEqpNiLMQnOWTV0mrWnEuKxe356V6LYsjj07QKSojB12hOrpBDdREFD2gJ/SCXq1H69l6s94XpTkr6zlGf2B9fANk351Y</latexit>✓
v1
v2

◆

<latexit sha1_base64="eX3ILGKaIiwWIl0cwuzX5dz7CLg="></latexit>

Mv =
�
m1 m2

�
= v1 m1 + v2 m2

<latexit sha1_base64="s7Ln4IKrX40nRBdYEBuqYVmBlRk="></latexit>✓
1 2
3 4

◆✓
5
6

◆
= 5

✓
1
3

◆
+ 6

✓
2
4

◆
=

✓
17
39

◆

<latexit sha1_base64="WSmk4XzIUc2tdxYW+0VvmIiDZzs="></latexit>

vTM =
�
v1 v2

�
= v1 m

T
1 + v2 m

T
2

<latexit sha1_base64="K4l4U1s3FrZVOXF5UI2jZcABVmU="></latexit> 
mT

1

mT
2

!

<latexit sha1_base64="oU+ZMDeEZ7ItcwyioXZgIjzuHBI="></latexit>�
5 6

�✓1 2
3 4

◆
= 5

�
1 2

�
+ 6

�
3 4

�
=

✓
23
34

◆
example
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square matrices

matrix multiplication

• multiplication by a diagonal matrix

⇤A

⇤ = diag{�i}
2

64
�1 · · · 0
...

. . .
...

0 · · · �n

3

75

2

64
a11 · · · a1n
...

. . .
...

an1 · · · ann

3

75 =

2

64
a11�1 · · · a1n�1

...
. . .

...
an1�n · · · ann�n

3

75=

the i-th element of the diagonal matrix multiplies the i-th row of A 

<latexit sha1_base64="uWFkxg2sqmwEoScpIEVqYuVJYWY="></latexit>2

64
�1 · · · 0
...

. . .
...

0 · · · �n

3

75

<latexit sha1_base64="gL+eKxBSflGOXwfByDckiZ1nIFo="></latexit>2

64
a11 · · · a1n
...

. . .
...

an1 · · · ann

3

75
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square matrices
• multiplication by a diagonal matrix

A⇤

⇤A

⇤ = diag{�i}

2

64
a11 · · · a1n
...

. . .
...

an1 · · · ann

3

75

2

64
�1 · · · 0
...

. . .
...

0 · · · �n

3

75 =

2

64
a11�1 · · · a1n�n

...
. . .

...
an1�1 · · · ann�n

3

75

2

64
�1 · · · 0
...

. . .
...

0 · · · �n

3

75

2

64
a11 · · · a1n
...

. . .
...

an1 · · · ann

3

75 =

2

64
a11�1 · · · a1n�1

...
. . .

...
an1�n · · · ann�n

3

75=

the i-th element of the diagonal matrix ¤ multiplies the i-th row of A 

=

similarly

the i-th element of the diagonal matrix ¤ multiplies the i-th column of A 
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square matrices

det(M) 6= 0

�
A�1

��1
= A

(AB)�1 = B�1A�1

M = diag{mi} =� M�1 = diag{ 1

mi
}

non-singular

(invertible)

A�1A = AA�1 = I

A0 = I

det
�
A
�
= det

�
AT

�

,

det(MN) = det(M).det(N) for square matrices M and N

square matrix

det(↵A) = ↵n det(A)
<latexit sha1_base64="CsFmke1ueTYFk04+xJZiVd1IO/I=">AAACCnicbZDNSsNAFIUn9a/Wv6hLN6NFaDclqYIuFFrcuKxgW6GJZTKZtEMnkzAzEUro2o2v4saFIm59Ane+jdM0C229MPBxzr3cuceLGZXKsr6NwtLyyupacb20sbm1vWPu7nVklAhM2jhikbjzkCSMctJWVDFyFwuCQo+Rrje6mvrdByIkjfitGsfEDdGA04BipLTUNw8dn6iKg1g8RLBZhZdwxvccZk6z2jfLVs3KCi6CnUMZ5NXqm1+OH+EkJFxhhqTs2Vas3BQJRTEjk5KTSBIjPEID0tPIUUikm2anTOCxVnwYREI/rmCm/p5IUSjlOPR0Z4jUUM57U/E/r5eo4NxNKY8TRTieLQoSBlUEp7lAnwqCFRtrQFhQ/VeIh0ggrHR6JR2CPX/yInTqNfukVr85LTcu8jiK4AAcgQqwwRlogGvQAm2AwSN4Bq/gzXgyXox342PWWjDymX3wp4zPHxmnmJY=</latexit>

↵ det(A)
<latexit sha1_base64="Ud+cOhuVwfHCLUr6yJEJaHylOkw=">AAAB9HicbVBNS8NAEN3Ur1q/qh69LBahXkpSBT14qHjxWMF+QBPKZLNpl242cXdTKKG/w4sHRbz6Y7z5b9y2OWjrg4HHezPMzPMTzpS27W+rsLa+sblV3C7t7O7tH5QPj9oqTiWhLRLzWHZ9UJQzQVuaaU67iaQQ+Zx2/NHdzO+MqVQsFo96klAvgoFgISOgjeS5wJMhuAHV1dvzfrli1+w58CpxclJBOZr98pcbxCSNqNCEg1I9x060l4HUjHA6LbmpogmQEQxoz1ABEVVeNj96is+MEuAwlqaExnP190QGkVKTyDedEeihWvZm4n9eL9XhtZcxkaSaCrJYFKYc6xjPEsABk5RoPjEEiGTmVkyGIIFok1PJhOAsv7xK2vWac1GrP1xWGjd5HEV0gk5RFTnoCjXQPWqiFiLoCT2jV/Rmja0X6936WLQWrHzmGP2B9fkD72CRhw==</latexit>

and not
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generic transformationu

Au
A

u

u

Au

Auor

particular directions
such that Au is parallel to u

Au = �u

scalar
(scaling factor)

eigenvalues & eigenvectors

in general Au and u

have different 

directions
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eigenvalues & eigenvectors

<latexit sha1_base64="g7DU3FaE/XoSiyvakYxh36RzCI0=">AAACG3icbVDLSgMxFM34rPU16tJNsChuLDP11Y1QceOygn1Ap5RMetuGZjJDkhHL0P9w46+4caGIK8GFf2OmLaitBxIO59zLvff4EWdKO86XNTe/sLi0nFnJrq6tb2zaW9tVFcaSQoWGPJR1nyjgTEBFM82hHkkggc+h5vevUr92B1KxUNzqQQTNgHQF6zBKtJFaduESX2DPhy4TSRQQLdn9EB8V8EH6eR5O2bEHov3jtuyck3dGwLPEnZAcmqDcsj+8dkjjAISmnCjVcJ1INxMiNaMchlkvVhAR2iddaBgqSACqmYxuG+J9o7RxJ5TmCY1H6u+OhARKDQLfVJoFe2raS8X/vEasO8VmwkQUaxB0PKgTc6xDnAaF20wC1XxgCKGSmV0x7RFJqDZxZk0I7vTJs6RayLtn+dObk1ypOIkjg3bRHjpELjpHJXSNyqiCKHpAT+gFvVqP1rP1Zr2PS+esSc8O+gPr8xs+i55y</latexit>

A =

✓
�2 �2
2 3

◆ <latexit sha1_base64="7rUpCChRhgm0bHjxM10K33g09i8="></latexit>

A

✓
1
�1

◆
=

✓
�2 �2
2 3

◆✓
1
�1

◆
=

✓
0
�1

◆

<latexit sha1_base64="aH/weqjrROVAW6Ra3oZMfHQW1Tw="></latexit>

A

✓
1
0

◆
=

✓
�2 �2
2 3

◆✓
1
0

◆
=

✓
�2
2

◆

<latexit sha1_base64="pYBc83SDjpdiC71MrVWlafPrSgs="></latexit>

A

✓
1
�2

◆
=

✓
�2 �2
2 3

◆✓
1
�2

◆
=

✓
2
�4

◆
= 2

✓
1
�2

◆

<latexit sha1_base64="ZwZ4KEQZ/S4hGHe7YtfYmOuPB9Y="></latexit>

A

✓
2
�1

◆
=

✓
�2 �2
2 3

◆✓
2
�1

◆
=

✓
�2
1

◆
= �1

✓
2
�1

◆

no special relation between the vector and its image

no special relation between the vector and its image

the vector and its image are parallel

the vector and its image are parallel
scaling
factor = eigenvalue

example

eigenvalues

¸1 = -1

¸2 = 2
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pA(�) = det(�I �A) = �n + an�1�
n�1 + an�2�

n�2 + · · ·+ a1�+ a0

pA(�) = det(�I �A) = 0

non-trivial             solution exists iff det(A  - ¸iI) = 0

the eigenvalues ¸i are the roots of the n-th order characteristic polynomial

the eigenvalues ¸i  are the solutions of

ui 6= 0

eigenvalues & eigenvectors

• same solutions of det (A  - ¸I) = 0 since det (A  - ¸I) = (-1)n   det (¸I - A)

ui belongs to the  nullspace 
or kernel of (A  - ¸iI) 

(A  - ¸i I )ui = 0   

Definition: given the matrix A  (n x n), if for a scalar ¸i there exists a non-zero 
vector            such that A  ui = ¸i ui then ¸i is an eigenvalue of A and ui is an 
associated eigenvector      

ui 6= 0

• kernel or nullspace of M is the subspace of all vectors v s.t. Mv = 0

A  ui = ¸i uinote that 

the eigenvectors ui associated to the eigenvalue ¸i generate a linear subspace: the 
eigenspace  Vi
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<latexit sha1_base64="g7DU3FaE/XoSiyvakYxh36RzCI0=">AAACG3icbVDLSgMxFM34rPU16tJNsChuLDP11Y1QceOygn1Ap5RMetuGZjJDkhHL0P9w46+4caGIK8GFf2OmLaitBxIO59zLvff4EWdKO86XNTe/sLi0nFnJrq6tb2zaW9tVFcaSQoWGPJR1nyjgTEBFM82hHkkggc+h5vevUr92B1KxUNzqQQTNgHQF6zBKtJFaduESX2DPhy4TSRQQLdn9EB8V8EH6eR5O2bEHov3jtuyck3dGwLPEnZAcmqDcsj+8dkjjAISmnCjVcJ1INxMiNaMchlkvVhAR2iddaBgqSACqmYxuG+J9o7RxJ5TmCY1H6u+OhARKDQLfVJoFe2raS8X/vEasO8VmwkQUaxB0PKgTc6xDnAaF20wC1XxgCKGSmV0x7RFJqDZxZk0I7vTJs6RayLtn+dObk1ypOIkjg3bRHjpELjpHJXSNyqiCKHpAT+gFvVqP1rP1Zr2PS+esSc8O+gPr8xs+i55y</latexit>

A =

✓
�2 �2
2 3

◆

eigenvalues & eigenvectors

ex.
<latexit sha1_base64="cNriCOiuWA1Sm5EQw5a/CV4vYjg="></latexit>

pA(�) = det(�I �A) = det

✓
�+ 2 2
�2 �� 3

◆
= �2 � �� 2 = (�+ 1)(�� 2)

therefore the eigenvalues are ¸1 = -1 and ¸2 = 2

• for ¸1 = -1 the eigenspace V1 is determined by

• for ¸2 = 2 the eigenspace V2 is determined by

<latexit sha1_base64="Qa5AnfW8zSJeA48J+FnF746ZdZU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hV3xkWPAi8eI5gHJEmYnvcmQ2dllZlYMSz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3HlFpHssHM07Qj+hA8pAzaqx0/9TzeqWyW3FnIMvEy0kZctR7pa9uP2ZphNIwQbXueG5i/Iwqw5nASbGbakwoG9EBdiyVNELtZ7NTJ+TUKn0SxsqWNGSm/p7IaKT1OApsZ0TNUC96U/E/r5OasOpnXCapQcnmi8JUEBOT6d+kzxUyI8aWUKa4vZWwIVWUGZtO0YbgLb68TJrnFe+qcnl3Ua5V8zgKcAwncAYeXEMNbqEODWAwgGd4hTdHOC/Ou/Mxb11x8pkj+APn8wcL7o2g</latexit>x1

<latexit sha1_base64="TKxbQfbI6c8eYjbhWXfpbyC+H8s=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJD44kXjxilEcCGzI79MKE2dnNzKyRED7BiweN8eoXefNvHGAPClbSSaWqO91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm5nfekSleSwfzDhBP6IDyUPOqLHS/VOv0iuW3LI7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJqz6Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7Kl/eXZRq1SyOPJzAKZyDB9dQg1uoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4ADXKNoQ==</latexit>x2

V1

V2

<latexit sha1_base64="gH5lEYDHVu6OanFG8i5j/lUIF/o="></latexit>

V1 = ker(A� �1I) = ker

✓
�1 �2
2 4

◆
= gen

⇢✓
2
�1

◆�

<latexit sha1_base64="ADBt7yp2xyW5GlqACCnc7bS1nhQ="></latexit>

V2 = ker(A� �2I) = ker

✓
�4 �2
2 1

◆
= gen

⇢✓
1
�2

◆�



Lanari: CS - Linear Algebra 14

pA(�) = det(�I �A) = �n + an�1�
n�1 + an�2�

n�2 + · · ·+ a1�+ a0

�i 2 R

�i 2 C �⇤
i (�i,�

⇤
i )

generic solution ¸i

(eigenvalue ¸i)

• pA (¸ ) is a polynomial of order n with real coefficients ai if A is real

�i 2 R
�i 2 C

ui

u⇤
i�⇤

i

real components

ui complex components and

then also is a solution pairs

therefore if then

• set of the n solutions of pA (¸ ) = 0 defined as the spectrum of A, symbol: ¾(A) 

(

eigenvalues & eigenvectors

(

• since the coefficients of pA (¸ ) are real its roots can be real and/or complex

• define ma(¸i ) = algebraic multiplicity of eigenvalue ¸i as the multiplicity of 
the solution ¸ = ¸i in pA (¸ ) = 0 

hyp: A square matrix n x n with real elements

or
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special cases

0

BBBB@

m11 m12 · · · m1n

0 m22
. . . m2n

0
. . .

. . .
...

0 · · · 0 mnn

1

CCCCA

0

BBBB@

m1 0 · · · 0

0 m2
. . . 0

0
. . .

. . . 0
0 · · · 0 mn

1

CCCCA

diagonal

matrix

triangular

matrix


(upper or lower)

eigenvalues = {mi}

eigenvalues = {mii}

in these situations
eigenvalues = elements on the main diagonal

eigenvalues & eigenvectors
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A TAT�1

Aui = �iui ! ui

vTi A = vTi �i = �iv
T
i ! vTi

det(T ) 6= 0

T
has the same eigenvalues as A

right eigenvector (column)

left eigenvector (row)

eigenvalues are invariant under similarity transformations (proof)

vTi uj = �ijwe will often choose the left eigenvectors such that

• similarity transformation:

eigenvalues - invariance

±ij
Kronecker

delta
= 0 if i 6= j

= 1 if i = j

(

where

• right and left eigenvectors:

<latexit sha1_base64="g7DU3FaE/XoSiyvakYxh36RzCI0=">AAACG3icbVDLSgMxFM34rPU16tJNsChuLDP11Y1QceOygn1Ap5RMetuGZjJDkhHL0P9w46+4caGIK8GFf2OmLaitBxIO59zLvff4EWdKO86XNTe/sLi0nFnJrq6tb2zaW9tVFcaSQoWGPJR1nyjgTEBFM82hHkkggc+h5vevUr92B1KxUNzqQQTNgHQF6zBKtJFaduESX2DPhy4TSRQQLdn9EB8V8EH6eR5O2bEHov3jtuyck3dGwLPEnZAcmqDcsj+8dkjjAISmnCjVcJ1INxMiNaMchlkvVhAR2iddaBgqSACqmYxuG+J9o7RxJ5TmCY1H6u+OhARKDQLfVJoFe2raS8X/vEasO8VmwkQUaxB0PKgTc6xDnAaF20wC1XxgCKGSmV0x7RFJqDZxZk0I7vTJs6RayLtn+dObk1ypOIkjg3bRHjpELjpHJXSNyqiCKHpAT+gFvVqP1rP1Zr2PS+esSc8O+gPr8xs+i55y</latexit>

A =

✓
�2 �2
2 3

◆
<latexit sha1_base64="JWbU72+WC2wEl/AoToecQ+kyCSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCTFRzdCwY3LCvYBTSmT6U07dDIJMxOxhP6EG3/FjQtF3Aru/BunbRBtPXDhcM693HuPH3OmtON8WQuLS8srq7m1/PrG5ta2vbNbV1EiKdRoxCPZ9IkCzgTUNNMcmrEEEvocGv7gauw37kAqFolbPYyhHZKeYAGjRBupYx8nHRdfYs+HHhNpHBIt2f0IlzD2PHziYg9E90fu2AWn6EyA54mbkQLKUO3Yn143okkIQlNOlGq5TqzbKZGaUQ6jvJcoiAkdkB60DBUkBNVOJ1+N8KFRujiIpCmh8UT9PZGSUKlh6JtOc19fzXpj8T+vleig3E6ZiBMNgk4XBQnHOsLjiHCXSaCaDw0hVDJzK6Z9IgnVJsi8CcGdfXme1EtF97x4dnNaqJSzOHJoHx2gI+SiC1RB16iKaoiiB/SEXtCr9Wg9W2/W+7R1wcpm9tAfWB/fZVyduw==</latexit>

u1 =

✓
2
�1

◆
if we will choose

<latexit sha1_base64="N1c0w+8q1N7R82bLHcjN+Df89d0=">AAACIHicbVDJSgNBEO1xjXGLevTSGBRPYSauFyHgxWOEbJCJoadTkzTp6Rm6e4JhmE/x4q948aCI3vRr7CyIJj4oeLxXRVU9L+JMadv+tBYWl5ZXVjNr2fWNza3t3M5uTYWxpFClIQ9lwyMKOBNQ1UxzaEQSSOBxqHv965FfH4BULBQVPYygFZCuYD6jRBupnbsYtJ27Cr7Cri8JTZw0OUldD7pMJFFAtGT3KS5ifIQd7ILo/IjtXN4u2GPgeeJMSR5NUW7nPtxOSOMAhKacKNV07Ei3EiI1oxzSrBsriAjtky40DRUkANVKxg+m+NAoHeyH0pTQeKz+nkhIoNQw8Eynua+nZr2R+J/XjLV/2UqYiGINgk4W+THHOsSjtHCHSaCaDw0hVDJzK6Y9YpLSJtOsCcGZfXme1IoF57xwdnuaL11O48igfXSAjpGDLlAJ3aAyqiKKHtATekGv1qP1bL1Z75PWBWs6s4f+wPr6Bjpzomk=</latexit>

vT1 =
1

3

�
2 1

�

<latexit sha1_base64="FgEiLHdU+/fAE79F5PpPmIe99mg=">AAACInicbVDLSsNAFJ34rPVVdelmsChuWpL6XggFNy4VrC00NUwmN+3QySTMTMQS8i1u/BU3LhR1JfgxTmsRXwcuHM65l3vv8RPOlLbtN2ticmp6ZrYwV5xfWFxaLq2sXqo4lRQaNOaxbPlEAWcCGpppDq1EAol8Dk2/fzL0m9cgFYvFhR4k0IlIV7CQUaKN5JWOrr3a1QU+xm4oCc2cPNvJXR+6TGRJRLRkNzmuOBhv4UoNuyCCL9krle2qPQL+S5wxKaMxzrzSixvENI1AaMqJUm3HTnQnI1IzyiEvuqmChNA+6ULbUEEiUJ1s9GKON40S4DCWpoTGI/X7REYipQaRbzrNfT312xuK/3ntVIeHnYyJJNUg6OeiMOVYx3iYFw6YBKr5wBBCJTO3YtojJittUi2aEJzfL/8ll7Wqs1/dO98t1w/HcRTQOtpA28hBB6iOTtEZaiCKbtE9ekRP1p31YD1br5+tE9Z4Zg39gPX+ATCIotg=</latexit>

vT2 =
1

3

�
�1 �2

�
<latexit sha1_base64="MueC37Bkot9TSDh/hr5SmKAF3D8=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCTFRzdCwY3LCvYBTSiT6W07dDIJMxOxhP6EG3/FjQtF3Aru/BunbRBtPXDhcM693HtPEHOmtON8WQuLS8srq7m1/PrG5ta2vbNbV1EiKdRoxCPZDIgCzgTUNNMcmrEEEgYcGsHgauw37kAqFolbPYzBD0lPsC6jRBupbR8n7RK+xF4APSbSOCRasvsRdjH2PHxSwh6Izo/ctgtO0ZkAzxM3IwWUodq2P71ORJMQhKacKNVynVj7KZGaUQ6jvJcoiAkdkB60DBUkBOWnk69G+NAoHdyNpCmh8UT9PZGSUKlhGJhOc19fzXpj8T+vlehu2U+ZiBMNgk4XdROOdYTHEeEOk0A1HxpCqGTmVkz7RBKqTZB5E4I7+/I8qZeK7nnx7Oa0UClnceTQPjpAR8hFF6iCrlEV1RBFD+gJvaBX69F6tt6s92nrgpXN7KE/sD6+AWcCnbw=</latexit>

u2 =

✓
1
�2

◆
if we will choose
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A(�ui) = �Aui = �⇥iui = ⇥i(�ui)

all belong to the same linear subspace

eigenspace

the eigenspace Vi corresponding to the eigenvalue ¸i of A is the vector space

Vi = {u � Rn|Au = �iu} or equivalently Vi = Ker(A  - ¸iI)

reminder: 
• basis of Ker(M) is a set of linearly independent vectors which spans the whole 

subspace Ker(M)


• span{v1, v2, …, vk} = vector space generated by all possible linear combinations 

of the vectors v1, v2, …, vk

as a consequence, the eigenvector ui associated to ¸i is not unique 
example:
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eigenspace

¸1 = 1
¸2 = -1

ma(¸1)= 2

ma(¸2)= 1

¸1 = 1 has the eigenspace

since, although each vector belongs to V1, they are not linearly independent 

<latexit sha1_base64="E4dpZpj8fpOT44z0hPN5s8ougLI="></latexit>

V1 = ker(A� I) = ker

0

@
�1 0 �1
�1 0 �1
�1 0 �1

1

A = gen

8
<

:

0

@
0
1
0

1

A ,

0

@
1
0
�1

1

A

9
=

;

<latexit sha1_base64="dCWvGgX+55sPG5itYMyp9vyfGdU=">AAACNHicbVBLSwMxEM7WV62vqkcvwWLxYtkVH70IFS+Clwr2Ad1Ssum0Dc1mlyQrlqU/yos/xIsIHhTx6m8w2xa0rQMTvnzzDTPzeSFnStv2q5VaWFxaXkmvZtbWNza3sts7VRVEkkKFBjyQdY8o4ExARTPNoR5KIL7Hoeb1r5J67R6kYoG404MQmj7pCtZhlGhDtbI3l/gCux50mYhDn2jJHobYxvlRHjnYdZM3j53p71jhgmj/dmVa2ZxdsEeB54EzATk0iXIr++y2Axr5IDTlRKmGY4e6GROpGeUwzLiRgpDQPulCw0BBfFDNeHT0EB8Ypo07gTQpNB6xfzti4is18D2jNBv21GwtIf+rNSLdKTZjJsJIg6DjQZ2IYx3gxEHcZhKo5gMDCJXM7Ippj0hCtfE5McGZPXkeVI8Lzlnh9PYkVypO7EijPbSPDpGDzlEJXaMyqiCKHtELekcf1pP1Zn1aX2Npypr07KKpsL5/AGJzo2w=</latexit>

A =

0

@
0 0 �1
�1 1 �1
�1 0 0

1

A

example:

<latexit sha1_base64="HZQt+hnKswoBDURt8hZ9S4CdhpQ=">AAACJ3icbVDLSgMxFM3UV62vqks3wSJ0kJaZ4qMbpcWN7irYB7TjkMlk2tDMgyQjlNK/ceOvuBFURJf+iZk+QFsvBM495x5u7nEiRoU0jC8ttbS8srqWXs9sbG5t72R39xoijDkmdRyykLccJAijAalLKhlpRZwg32Gk6fSvEr35QLigYXAnBxGxfNQNqEcxkoqys5eRXc13mDK4SIcXsOMSOevhDSxUdajYGVMw9fvSrDk29YydzRlFY1xwEZhTkAPTqtnZ144b4tgngcQMCdE2jUhaQ8QlxYyMMp1YkAjhPuqStoIB8omwhuM7R/BIMS70Qq5eIOGY/e0YIl+Ige+oSR/JnpjXEvI/rR1Lr2wNaRDFkgR4ssiLGZQhTEKDLuUESzZQAGFO1V8h7iGOsFTRJiGY8ycvgkapaJ4VT29PcpXyNI40OACHIA9McA4q4BrUQB1g8AiewRt41560F+1D+5yMprSpZx/8Ke37B3/uoV0=</latexit>

pA(�) = det(�I �A) = (�� 1)2(�+ 1)

since any linearly independent vectors generated by the chosen basis can be chosen as new basis, 
V1 can also be generated by

<latexit sha1_base64="9ndWLgVFiv4pKFkhRlRWpMoJ40E="></latexit>

V1 = gen

8
<

:

0

@
1
�1
�1

1

A ,

0

@
�2p
2
2

1

A

9
=

;

but not as <latexit sha1_base64="hTVdhprOyja/62ZtD9ST+rLXsHc="></latexit>

V1 6= gen

8
<

:

0

@
1
�1
�1

1

A ,

0

@
�2
2
2

1

A

9
=

;
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A1 =

✓
⇥1 0
0 ⇥1

◆
, u11 =

✓
1
0

◆
, u12 =

✓
0
1

◆

A2 =

✓
⇥1 �
0 ⇥1

◆
, with � 6= 0, only u1 =

✓
1
0

◆

pA(�) = (�� �1)
2

the geometric multiplicity of ¸i is the dimension of the eigenspace associated to ¸i

dim(Vi) = mg(�i)

mg(�i) = dim [Ker(A� �iI)] = n� rank(A� �iI)

note that A1 and A2 have the same eigenvalue ¸1 both with same  ma(¸1 ) = 2

geometric multiplicity

ex.
2 linearly independent
eigenvectors

1 linearly independent
eigenvector

• if ¸i eigenvalue with ma(¸i ) > 1 it will have one or more linearly independent 
eigenvectors ui

since they have the same characteristic polynomial

Definition

dim(V1 ) = 2

dim(V1 ) = 1
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1  mg(�i)  ma(�i)  n

A1 =

✓
⇥1 0
0 ⇥1

◆
, (A1 � ⇥1I) =

✓
0 0
0 0

◆
mg(⇥1) = 2 = ma(⇥1)

A2 =

✓
⇥1 �
0 ⇥1

◆
, (A2 � ⇥1I) =

✓
0 �
0 0

◆
mg(⇥1) = 1 < ma(⇥1)

useful
property

45°

u1

u2

u3

P =

0

@
0.5 0 0.5
0 1 0
0.5 0 0.5

1

A

u1 =

0

@
0
1
0

1

A u2 =

0

@
1
0
1

1

A

u3 =

0

@
�1
0
1

1

A

¸1 = ¸2 = 1

¸3 = 0

projection matrix

ma(�1) = 2 = mg(�1)

geometric multiplicity

ex. 2

ex. 1

V1

V3

generic
point

note that 
if ma(¸i) = 1 then mg(¸i) = 1
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diagonalization

Definition 
An (n x n) matrix A is said to be diagonalizable if there exists an invertible 
(n x n) matrix T such that TAT  -1 is a diagonal matrix

Theorem


An (n x n) matrix A is diagonalizable if and only if it has n linearly 

independent eigenvectors

since the eigenvalues are invariant under similarity transformations

if A diagonalizable TAT�1 = � = diag{�i}, i = 1, . . . , n

the elements on the diagonal of ¤
are the eigenvalues of A
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diagonalization

Aui = �iui, i = 1, . . . , n

A
⇥
u1 u2 · · · un

⇤
=

⇥
u1 u2 · · · un

⇤

0

BBB@

�1 0 · · · 0
0 �2 · 0

. . .
0 · · · 0 �n

1

CCCA

• we need to find T  such that TAT  -1 is a diagonal matrix 
since by hypothesis the n eigenvectors ui are linearly independent, the matrix having 
the vectors ui as columns is necessarily non-singular

(Note: this does not mean 
necessarily n distinct eigenvalues)

non-singular nxn matrix

in matrix form

AU = U�

U =
⇥
u1 u2 · · · un

⇤

Hyp: A has n linearly independent eigenvectors

we rewrite the n relations defining the eigenvalues 

with ¤ = diag{ ¸1, …, ¸n }
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AU = U�

AT�1 = T�1� ! A = T�1�T ! � = TAT�1

diagonalization

distinct eigenvalues (real and/or complex) A diagonalizable
=)
(=

T�1 = Ubeing     non-singular, we can define T such thatU

therefore the diagonalizing similarity transformation is T s.t.

T�1 = U =
⇥
u1 u2 · · · un

⇤

A: (n x n) is diagonalizable if and only if 

mg(¸i) = ma(¸i) for every eigenvalue ¸i

We have an alternative necessary & sufficient condition for diagonalizability

Warning:

from
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diagonalization
<latexit sha1_base64="g7DU3FaE/XoSiyvakYxh36RzCI0=">AAACG3icbVDLSgMxFM34rPU16tJNsChuLDP11Y1QceOygn1Ap5RMetuGZjJDkhHL0P9w46+4caGIK8GFf2OmLaitBxIO59zLvff4EWdKO86XNTe/sLi0nFnJrq6tb2zaW9tVFcaSQoWGPJR1nyjgTEBFM82hHkkggc+h5vevUr92B1KxUNzqQQTNgHQF6zBKtJFaduESX2DPhy4TSRQQLdn9EB8V8EH6eR5O2bEHov3jtuyck3dGwLPEnZAcmqDcsj+8dkjjAISmnCjVcJ1INxMiNaMchlkvVhAR2iddaBgqSACqmYxuG+J9o7RxJ5TmCY1H6u+OhARKDQLfVJoFe2raS8X/vEasO8VmwkQUaxB0PKgTc6xDnAaF20wC1XxgCKGSmV0x7RFJqDZxZk0I7vTJs6RayLtn+dObk1ypOIkjg3bRHjpELjpHJXSNyqiCKHpAT+gFvVqP1rP1Zr2PS+esSc8O+gPr8xs+i55y</latexit>

A =

✓
�2 �2
2 3

◆

¸1 = -1 ¸2 = 2

<latexit sha1_base64="72grQ79CyNMPSvjyp3u7FBfFXz4="></latexit>

T�1 = U =
�
u1 u2

�
=

✓
2 1
�1 �2

◆ <latexit sha1_base64="XFn7CQNP9jfDMf9rUnKvTyEdQGE="></latexit>

T =
1

3

✓
2 1
�1 �2

◆
=

✓
vT1
vT2

◆

<latexit sha1_base64="nH2TCx4vAkqfbL+U6WMl86ncegY="></latexit>

1

3

✓
2 1
�1 �2

◆✓
�2 �2
2 3

◆✓
2 1
�1 �2

◆
=

✓
�1 0
0 2

◆

<latexit sha1_base64="haUJ32HHc6SkKyoWFy/AfqLmPDs="></latexit>

A =

0

@
0 0 �1
�1 1 �1
�1 0 0

1

A

<latexit sha1_base64="HcM0ETV9uYu8wsEghS7txTny1N4="></latexit>

V1 = gen

8
<

:

0

@
0
1
0

1

A ,

0

@
1
0
�1

1

A

9
=

;

<latexit sha1_base64="OPQxVFwsWdMnHegodlNUNdCurbM="></latexit>

V2 = gen

8
<

:

0

@
1
1
1

1

A

9
=

;

<latexit sha1_base64="iesAtVTgm/FXdeKY7z36YmYVuF8="></latexit>

T�1 =

0

@
0 1 1
1 0 1
0 �1 1

1

A

<latexit sha1_base64="CHTqee3rcgWubSPwU3aUd10VPsM="></latexit>

T =

0

@
�1/2 1 �1/2
1/2 0 �1/2
1/2 0 1/2

1

A

<latexit sha1_base64="Hv+ZABseOG0UQl3woxIlRKWtC/o="></latexit>

⇤ = TAT�1 = U�1AU =

0

@
1 0 0
0 1 0
0 0 �1

1

A

¸1 = 1
¸2 = -1

ma(¸1) = 2 = mg(¸1)

ma(¸2) = 1 = mg(¸2)

ma(¸1) = ma(¸2) = 1

note that: since the algebraic multiplicity is 1 necessarily also the geometric one is 1
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diagonalization
As already noted, A having distinct eigenvalues implies that A is diagonalizable 
(sufficient condition) but the A diagonalizable does not necessarily imply that its 
eigenvalues are distinct

Sufficiency comes from the fact that distinct eigenvalues (real and/or complex) 
generate linearly independent eigenvectors 

diagonal but coincident eigenvalues, ma(¸i) = 2

However the condition is not necessary, see for example

<latexit sha1_base64="haUJ32HHc6SkKyoWFy/AfqLmPDs="></latexit>

A =

0

@
0 0 �1
�1 1 �1
�1 0 0

1

A diagonalizable but not distinct eigenvalues

<latexit sha1_base64="zSv/M3PyUpgQtaoaLnaZX8O+Nes=">AAACK3icbVDJTsMwFHTKVsoW4MjFogJxqhLE0gtSgQvHItFFaqrKcV5bq44T2Q6iivo/XPgVDnBgEVf+A3cRS8tItkYz79nvjR9zprTjvFmZufmFxaXscm5ldW19w97cqqookRQqNOKRrPtEAWcCKpppDvVYAgl9DjW/dzn0a7cgFYvEje7H0AxJR7A2o0QbqWVfnOMz7PnQYSKNQ6Iluxtgj5sHAtJieB872PPMZdiP6oEIvqtzLTvvFJwR8CxxJySPJii37CcviGgSgtCUE6UarhPrZkqkZpTDIOclCmJCe6QDDUMFCUE109GuA7xnlAC3I2mO0Hik/u5ISahUP/RNpRmwq6a9ofif10h0u9hMmYgTDYKOP2onHOsID4PDAZNANe8bQqhkZlZMu0QSqk28wxDc6ZVnSfWw4J4Ujq+P8qXiJI4s2kG76AC56BSV0BUqowqi6B49ohf0aj1Yz9a79TEuzViTnm30B9bnF6iNpYM=</latexit>

A =

✓
�i 0
0 �i

◆

however there are 2 linearly independent eigenvectors for the eigenvalue ¸i and 
hence the geometric multiplicity is also 2 

similarly the eigenvalue ¸1 = 2 with algebraic multiplicity 2 has also mg(¸1) = 2
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diagonalization: complex eigenvalues case

We know complex eigenvalues for A real come necessarily in pairs (¸i,¸i*)   

⇥i = �i + j⇤i ui = uai + jubi

the complex eigenvalue ¸i will have eigennvector ui with complex elements

with its eigenvector

•  diagonalization (since the eigenvalues are distinct, A is diagonalizable)

•  or real block 2 x 2 (no diagonalization)

but
complex
elements

real
elements

T�1 =
⇥
ui u⇤

i

⇤
! Di = TAT�1 =


�i 0
0 �⇤

i

�

2 choices

real system representation for complex eigenvalues

hyp: A square matrix n x n with real elements

linearly independent
when A is real

consider the case n = 2
<latexit sha1_base64="ejm76pFQuwRzsZ5be7WKju/ixQo=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFcGNJxNtCoeDGZQV7gTaGyXTajp1MwlyEErJx46u4caGIW9/BnW/jpM1CW38Y+PjPOZw5fxAzKpXjfFuFufmFxaXicmlldW19w97cashIC0zqOGKRaAVIEkY5qSuqGGnFgqAwYKQZDK+yevOBCEkjfqtGMfFC1Oe0RzFSxvLtXe3Tuw6SCl5C7SeIpvAQ3mcY0NS3y07FGQvOgptDGeSq+fZXpxthHRKuMENStl0nVl6ChKKYkbTU0ZLECA9Rn7QNchQS6SXjK1K4b5wu7EXCPK7g2P09kaBQylEYmM4QqYGcrmXmf7W2Vr1zL6E81opwPFnU0wyqCGaRwC4VBCs2MoCwoOavEA+QQFiZ4EomBHf65FloHFXc08rJzXG5epHHUQQ7YA8cABecgSq4BjVQBxg8gmfwCt6sJ+vFerc+Jq0FK5/ZBn9kff4AECuXpw==</latexit>

u⇤
i = uai � jubi

<latexit sha1_base64="uDbK2OyX5Ffr+dCTbB66RP8/FvE=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0nE10Kh4MZlBfuAJpabybQdO3kwMxFK6Ce48VfcuFDErUt3/o2TNgttPTBw7jn3cuceL+ZMKsv6Ngpz8wuLS8Xl0srq2vqGubnVkFEiCK2TiEei5YGknIW0rpjitBULCoHHadMbXGV+84EKyaLwVg1j6gbQC1mXEVBa6pj7DtfNPnTYnQNS4UvsAI/7usaH+B47UUB7uih1zLJVscbAs8TOSRnlqHXML8ePSBLQUBEOUrZtK1ZuCkIxwumo5CSSxkAG0KNtTUMIqHTT8UEjvKcVH3cjoV+o8Fj9PZFCIOUw8HRnAKovp71M/M9rJ6p77qYsjBNFQzJZ1E04VhHO0sE+E5QoPtQEiGD6r5j0QQBROsMsBHv65FnSOKrYp5WTm+Ny9SKPo4h20C46QDY6Q1V0jWqojgh6RM/oFb0ZT8aL8W58TFoLRj6zjf7A+PwBdZibkQ==</latexit>

�⇤
i = ↵i � j!i

<latexit sha1_base64="FMWU9vTkK0VeecM8Af8v7jS5lPU="></latexit>

T�1
R =

⇥
uai ubi

⇤
! Mi = TRAT

�1
R =


↵i !i

�!i ↵i

�
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diagonalization: complex eigenvalues case
<latexit sha1_base64="jiQI7/NyYbd0FhWCw36ZU1h0DRY=">AAACHHicbZDLSgMxFIYzXmu9VV26CRbFjWWmXhcKFTcuK9gLdIaSyZy2oZnMkGTEMvRB3Pgqblwo4saF4NuYXhBtPRD4+P9zyDm/H3OmtG1/WTOzc/MLi5ml7PLK6tp6bmOzqqJEUqjQiEey7hMFnAmoaKY51GMJJPQ51Pzu1cCv3YFULBK3uheDF5K2YC1GiTZSM3d4iS+w60ObiTQOiZbsvo9tvIcPith1sYMNGgIR/NjZZi5vF+xh4WlwxpBH4yo3cx9uENEkBKEpJ0o1HDvWXkqkZpRDP+smCmJCu6QNDYOChKC8dHhcH+8aJcCtSJonNB6qvydSEirVC33TaRbsqElvIP7nNRLdOvNSJuJEg6Cjj1oJxzrCg6RwwCRQzXsGCJXM7Ipph0hCtclzEIIzefI0VIsF56RwfHOUL52P48igbbSD9pGDTlEJXaMyqiCKHtATekGv1qP1bL1Z76PWGWs8s4X+lPX5DWVHnnk=</latexit>

A =

✓
0 �2
1 2

◆

<latexit sha1_base64="NxC2AHSIlDf14GO57hOZgyW8Cyw=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuLEk4qMboeDGZQX7gCaGyWTajp08mJkIJdSNv+LGhSJu/Qt3/o3TNgttPTBwOOdc7tzjJ5xJZVnfRmFhcWl5pbhaWlvf2Nwyt3eaMk4FoQ0S81i0fSwpZxFtKKY4bSeC4tDntOUPrsZ+64EKyeLoVg0T6oa4F7EuI1hpyTP3HK7DAfbsOwdLhdAlQjY6RveeWbYq1gRontg5KUOOumd+OUFM0pBGinAsZce2EuVmWChGOB2VnFTSBJMB7tGOphEOqXSzyQUjdKiVAHVjoV+k0ET9PZHhUMph6OtkiFVfznpj8T+vk6pu1c1YlKSKRmS6qJtypGI0rgMFTFCi+FATTATTf0WkjwUmSpdW0iXYsyfPk+ZJxT6vnN2clmvVvI4i7MMBHIENF1CDa6hDAwg8wjO8wpvxZLwY78bHNFow8pld+APj8wcVO5Sv</latexit>

�⇤
1 = 1� j

<latexit sha1_base64="TJoDgU829LmkwmxhguAqEQPsFP4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoiProRCm5cVrAPaEOYTCbt2MmDmYlQQv0VNy4UceuHuPNvnLRZaOuBgcM553LvHC/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudhSTmLaFsxxWkvERSHHqddb3yT+91HKiSLo3s1SagT4mHEAkaw0pJrVgdch33s2ugaIRudooeKa9asujUDWiZ2QWpQoOWaXwM/JmlII0U4lrJvW4lyMiwUI5xOK4NU0gSTMR7SvqYRDql0stnxU3SsFR8FsdAvUmim/p7IcCjlJPR0MsRqJBe9XPzP66cqaDgZi5JU0YjMFwUpRypGeRPIZ4ISxSeaYCKYvhWRERaYKN1XXoK9+OVl0jmr25f1i7vzWrNR1FGGQziCE7DhCppwCy1oA4EJPMMrvBlPxovxbnzMoyWjmKnCHxifPwPpkmM=</latexit>

�1 = 1 + j

<latexit sha1_base64="ESrLsU4qGV+ssWR9Cytgk+Ogt/w=">AAACMHicbVBdSwJBFJ21L7OvrR57GZJAEWV36cOXwOihHg1SA91kdhx1dPaDmdlAFn9SL/2Ueikootd+RbO6gWkXBs495x7u3OMEjAppGG9aaml5ZXUtvZ7Z2Nza3tF39+rCDzkmNewzn985SBBGPVKTVDJyF3CCXIeRhjO8jPXGA+GC+t6tHAXEdlHPo12KkVRUW78K2he5FlOGDsrDc5jAewsWoZU0sGAp5XcKFs3iID/TwcIgn2nrWaNkTAouAjMBWZBUta0/tzo+Dl3iScyQEE3TCKQdIS4pZmScaYWCBAgPUY80FfSQS4QdTQ4ewyPFdGDX5+p5Ek7YWUeEXCFGrqMmXST7Yl6Lyf+0Zii7ZTuiXhBK4uHpom7IoPRhnB7sUE6wZCMFEOZU/RXiPuIIS5VxHII5f/IiqFsl87R0cnOcrZSTONLgAByCHDDBGaiAa1AFNYDBI3gB7+BDe9JetU/tazqa0hLPPvhT2vcPKXakHQ==</latexit>

pA(�) = �2 � 2�+ 2 = (�� 1� j)(�� 1 + j)

<latexit sha1_base64="+aNhXGp8rFTcvovtmHLcPE82L+k="></latexit>

u1 =

✓
2

�1� j

◆
=

✓
2
�1

◆
+ j

✓
0
�1

◆

u1*

<latexit sha1_base64="OMsFixpitPm+mO2fmstwD123sUA=">AAACInicbZDLSgMxFIYz9VbrrerSTbAoblpmipe6EApuXFbpDTq1ZNLTNjSTGZKMWIY+ixtfxY0LRV0JPozpBdTWA4GP/z+HnPN7IWdK2/anlVhYXFpeSa6m1tY3NrfS2ztVFUSSQoUGPJB1jyjgTEBFM82hHkogvseh5vUvR37tDqRigSjrQQhNn3QF6zBKtJFa6fNy6+Y2zjpDfIFdD7pMxJ5PtGT3Q5zHh9jGrouzjqGs44Jo/7itdMbO2ePC8+BMIYOmVWql3912QCMfhKacKNVw7FA3YyI1oxyGKTdSEBLaJ11oGBTEB9WMxycO8YFR2rgTSPOExmP190RMfKUGvmc6zYI9NeuNxP+8RqQ7hWbMRBhpEHTyUSfiWAd4lBduMwlU84EBQiUzu2LaI5JQbVJNmRCc2ZPnoZrPOae5k+vjTLEwjSOJ9tA+OkIOOkNFdIVKqIIoekBP6AW9Wo/Ws/VmfUxaE9Z0Zhf9KevrG1CgoQ8=</latexit>

T�1
R =


2 0
�1 �1

�
andtherefore

<latexit sha1_base64="kGsCNsI5t4ZvzIZq25sMz9lSeTY="></latexit>

A =

0

BB@

0 1 0 0
�2 2 0 0
1 1 �2 1
2 1 �2 0

1

CCA
<latexit sha1_base64="bdBRBAkuT6dtPaFHWlBncFMEvXo=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgiCUpProRCm5cVrAPaEOYTCbt2MmDmYlQS/FX3LhQxK3/4c6/cdJmoa0HBg7nnMu9c7yEM6ks69tYWFxaXlktrBXXNza3ts2d3aaMU0Fog8Q8Fm0PS8pZRBuKKU7biaA49DhteYPrzG89UCFZHN2pYUKdEPciFjCClZZcc7/LddjHbgVdIXRqoxN0X3TNklW2JkDzxM5JCXLUXfOr68ckDWmkCMdSdmwrUc4IC8UIp+NiN5U0wWSAe7SjaYRDKp3R5PoxOtKKj4JY6BcpNFF/T4xwKOUw9HQyxKovZ71M/M/rpCqoOiMWJamiEZkuClKOVIyyKpDPBCWKDzXBRDB9KyJ9LDBRurCsBHv2y/OkWSnbF+Xz27NSrZrXUYADOIRjsOESanADdWgAgUd4hld4M56MF+Pd+JhGF4x8Zg/+wPj8AXPLkps=</latexit>

�2 = �1 + j
<latexit sha1_base64="TJoDgU829LmkwmxhguAqEQPsFP4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBZBEEoiProRCm5cVrAPaEOYTCbt2MmDmYlQQv0VNy4UceuHuPNvnLRZaOuBgcM553LvHC/hTCrL+jZKK6tr6xvlzcrW9s7unrl/0JFxKghtk5jHoudhSTmLaFsxxWkvERSHHqddb3yT+91HKiSLo3s1SagT4mHEAkaw0pJrVgdch33s2ugaIRudooeKa9asujUDWiZ2QWpQoOWaXwM/JmlII0U4lrJvW4lyMiwUI5xOK4NU0gSTMR7SvqYRDql0stnxU3SsFR8FsdAvUmim/p7IcCjlJPR0MsRqJBe9XPzP66cqaDgZi5JU0YjMFwUpRypGeRPIZ4ISxSeaYCKYvhWRERaYKN1XXoK9+OVl0jmr25f1i7vzWrNR1FGGQziCE7DhCppwCy1oA4EJPMMrvBlPxovxbnzMoyWjmKnCHxifPwPpkmM=</latexit>

�1 = 1 + j

<latexit sha1_base64="dQIl773W4uwfqzQXe828pMeifss=">AAACIXicbVBLSwMxEM7WV62vqkcvwSJ4sewWH70IBS8eK9gHdJclm07baDa7JFmxLP0rXvwrXjwo0pv4Z8y2RbR1IDMf33xDZr4g5kxp2/60ckvLK6tr+fXCxubW9k5xd6+pokRSaNCIR7IdEAWcCWhopjm0YwkkDDi0gvurrN96AKlYJG71MAYvJH3BeowSbSi/WE38Cr7EbgB9JtI4JFqyxxG2seualGUHn9xltYJdEN0fiV8s2WV7EngRODNQQrOo+8Wx241oEoLQlBOlOo4day8lUjPKYVRwEwUxofekDx0DBQlBeenkwhE+MkwX9yJpntB4wv6eSEmo1DAMjNLsN1DzvYz8r9dJdK/qpUzEiQZBpx/1Eo51hDO7cJdJoJoPDSBUMrMrpgMiCdXG1IIxwZk/eRE0K2XnvHx2c1qqVWd25NEBOkTHyEEXqIauUR01EEVP6AW9oXfr2Xq1PqzxVJqzZjP76E9YX98mv6EO</latexit>

u2 =

0

BB@

0
0

1� j
2

1

CCA

<latexit sha1_base64="ebnGRBkk7G7MtT9F9vmWjZ/r7nY=">AAACLnicbVDLSgMxFM3UV62vUZdugkUQpGWm+NoIggguK1hb6JSSSW/btJnMkGTEMvSL3PgruhBUxK2fYaZW0dYLIYdzzuXee/yIM6Ud59nKzMzOzS9kF3NLyyura/b6xrUKY0mhQkMeyppPFHAmoKKZ5lCLJJDA51D1+2epXr0BqVgorvQggkZAOoK1GSXaUE37PG66+AR7PnSYSKKAaMluh7jg4j3cw56HCyU8+gzR+wapAqL1Y8817bxTdEaFp4E7Bnk0rnLTfvRaIY0DEJpyolTddSLdSIjUjHIY5rxYQURon3SgbqAgAahGMjp3iHcM08LtUJonNB6xvzsSEig1CHzjNAt21aSWkv9p9Vi3jxsJE1GsQdCvQe2YYx3iNDvcYhKo5gMDCJXM7Ippl0hCtUk4DcGdPHkaXJeK7mHx4HI/f3o8jiOLttA22kUuOkKn6AKVUQVRdIce0At6te6tJ+vNev+yZqxxzyb6U9bHJ4ayo/c=</latexit>

u1 =

0

BB@

�1 + j
�2

�1 + j
�1 + j

1

CCA

<latexit sha1_base64="g2DNs/xfcyU3IrXUX5SIRWIkZ8o="></latexit>

T�1
R =

0

BB@

�1 1 0 0
�2 0 0 0
�1 1 1 �1
�1 1 2 0

1

CCA

<latexit sha1_base64="1IqjXeJjQh4Kw50Fi0YAo3n9muw="></latexit>

TRAT
�1
R =

0

BB@

1 1 0 0
�1 1 0 0
0 0 �1 1
0 0 �1 �1

1

CCA

<latexit sha1_base64="h55Z/OwcttSAsUNYA9oN+dqrnjM="></latexit>

TRAT
�1
R =


1 1
�1 1

�
=


↵ !
�! ↵

�<latexit sha1_base64="Zxgyrw6TpBENDI3eU7MFWnC7z+s=">AAACJXicbVDLSgMxFM34rPVVdekmWBQ3rTPFRxcKBTcuq/QFnVoy6W0bmskMSUYsQ3/Gjb/ixoVFBFf+iukD1NYDgcM555J7jxdyprRtf1oLi0vLK6uJteT6xubWdmpnt6KCSFIo04AHsuYRBZwJKGumOdRCCcT3OFS93vXIrz6AVCwQJd0PoeGTjmBtRok2UjN1WWre3ccDfIVdDzpMxJ5PtGSPA+yc5PARtrHr4syEZxwXROsnkWym0nbWHgPPE2dK0miKYjM1dFsBjXwQmnKiVN2xQ92IidSMchgk3UhBSGiPdKBuqCA+qEY8vnKAD43Swu1Amic0Hqu/J2LiK9X3PZM0G3bVrDcS//PqkW7nGzETYaRB0MlH7YhjHeBRZbjFJFDN+4YQKpnZFdMukYRqU+yoBGf25HlSyWWd8+zZ7Wm6kJ/WkUD76AAdIwddoAK6QUVURhQ9oRf0hobWs/VqvVsfk+iCNZ3ZQ39gfX0Dn3mhmg==</latexit>

TR =


1/2 0
�1/2 �1

�

<latexit sha1_base64="cPz8Ltb3dUi8OaQfbisxn5dc9yk="></latexit>

TR =

0

BB@

0 �1/2 0 0
1 �1/2 0 0

�1/2 0 0 1/2
1/2 0 �1 1/2

1

CCA

check with Matlab

ma(¸2) = 1 = mg(¸2)ma(¸1) = 1 = mg(¸1)
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�r = diag{�1, . . . ,�r}

diagonalization

• simultaneous presence of real and complex eigenvalues

If A diagonalizable, there exists a non-singular matrix R such that

for real eigenvalues

for each complex pair of eigenvalues (¸i,¸i*) 

RAR�1 = diag {�r,Mr+1,Mr+3, . . . ,Mq�1}

Mi =


↵i !i

�!i ↵i

�
with

and
<latexit sha1_base64="btmgkbmYwB6Z34HWZCbfoFy4J/o="></latexit>

T�1
R =

�
u1 . . . ur Re[ur+1] Im[ur+1] . . . Re[uq�1] Im[uq�1]

�

<latexit sha1_base64="XmIX+HMqR0XFOhfOOtATm3XWztw="></latexit>

A =

0

@
0 0 �1
0 �2 1
1 �1 �1

1

A
Matlab code

A = [0,0,-1;0,-2,1;1,-1,-1];

[V,D] = eig(A)

Tinv = [real(V(:,1)),imag(V(:,1)),V(:,3)];

inv(Tinv)*A*Tinv

<latexit sha1_base64="NOrvplfwxxpHsinyFnynKGVvSus="></latexit>

!

0

@
�1 1 0
�1 �1 0
0 0 �1

1

A
<latexit sha1_base64="V2qo7f4gLeh8KyXR0lsTkvV6d+g=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovgQktSfHQjFNy4rGAf0IQwmUzasTNJmJkIJXThxl9x40IRt36EO//GSduFVg8MHM45lzv3BCmjUtn2l1FaWl5ZXSuvmxubW9s71u5eRyaZwKSNE5aIXoAkYTQmbUUVI71UEMQDRrrB6Krwu/dESJrEt2qcEo+jQUwjipHSkm9VXKbDIfJz57g+gZcQnjjQTTm8M03fqto1ewr4lzhzUgVztHzr0w0TnHESK8yQlH3HTpWXI6EoZmRiupkkKcIjNCB9TWPEifTy6RETeKiVEEaJ0C9WcKr+nMgRl3LMA53kSA3loleI/3n9TEUNL6dxmikS49miKGNQJbBoBIZUEKzYWBOEBdV/hXiIBMJK91aU4Cye/Jd06jXnvHZ2c1ptNuZ1lEEFHIAj4IAL0ATXoAXaAIMH8ARewKvxaDwbb8b7LFoy5jP74BeMj29bDJVO</latexit>

�1,2 = �1± j
<latexit sha1_base64="IHTcDW0e/YHKT2D27Ohx5gpBzTc=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBjSXx2Y1QcOOygn1AG8JkMm2HTh7MTMQS+ituXCji1h9x5984abPQ1gMDh3PO5d45fsKZVLb9bZRWVtfWN8qb5tb2zu6etV9pyzgVhLZIzGPR9bGknEW0pZjitJsIikOf044/vs39ziMVksXRg5ok1A3xMGIDRrDSkmdV+lyHA+ydoxuETh1kmp5VtWv2DGiZOAWpQoGmZ331g5ikIY0U4VjKnmMnys2wUIxwOjX7qaQJJmM8pD1NIxxS6Waz26foWCsBGsRCv0ihmfp7IsOhlJPQ18kQq5Fc9HLxP6+XqkHdzViUpIpGZL5okHKkYpQXgQImKFF8ogkmgulbERlhgYnSdeUlOItfXibts5pzVbu8v6g26kUdZTiEIzgBB66hAXfQhBYQeIJneIU3Y2q8GO/GxzxaMoqZA/gD4/MHHd6R3Q==</latexit>

�3 = �1
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diagonalization
example

2

4
�6 5 4
5 �6 �16

�10 10 9

3

5
�1 = �1

�2/3 = �1± 10j

�1 = �1 u1 =

2

4
1
1
0

3

5

u2 =

2

4
0.5 + 0.1j
�0.5 + 1.1j

1

3

5�2 = �1 + 10j u2a =

2

4
0.5
�0.5
1

3

5 u2b =

2

4
0.1
1.1
0

3

5

T�1 =
⇥
u1 u2a u2b

⇤
=

2

4
1 0.5 0.1
1 �0.5 1.1
0 1 0

3

5

A = 

TAT�1 =

2

4
�1 0 0
0 �1 10
0 �10 �1

3

5
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A diagonalizable: spectral decomposition

or eigen-decomposition

A = U �U�1

U�1 =

2

6664

vT1
vT2
...
vTn

3

7775

U�1U = I � vTi uj = �ij , i, j = 1, . . . , n

A =
nX

i=1

�i ui v
T
i

Hyp: A diagonalizable

U =
⇥
u1 u2 · · · un

⇤
columns (linearly independent)

rows

A = U �U�1 =
⇥
�1u1 �2u2 · · · �nun

⇤

2

6664

vT1
vT2
...
vTn

3

7775

spectral form of A

these are also
left eigenvectors

here, the choice of the
left eigenvector 
should be so that 
this condition is met 

therefore computing explicitly
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A =
nX

i=1

�i ui v
T
i

A diagonalizable: spectral decomposition

column
row

is the projection matrix on the invariant 
subspace generated by ui

�
(n x n) Pi = uiv

T
i

A =

✓
2 1
0 1

◆
u1 =

✓
1
0

◆
u2 =

✓
1
�1

◆

vT1 =
�
1 1

�
vT2 =

�
0 �1

�

P1 =

✓
1 1
0 0

◆
P2 =

✓
0 �1
0 1

◆
�1 = 2

�2 = 1

u1

u2

P1 v

P2 v

v

v =

✓
�2
1

◆
P1v = �1 · u1 P2v = 1 · u2
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non-diagonalizable case

Jk =

2

666664

�i 1 0 · · · 0
0 �i 1 0
...

. . .
. . .

. . .
...

0 · · · 0 �i 1
0 · · · · · · 0 �i

3

777775
� Rnk⇥nk

single
Jordan block


of dimension nk

• note that the null space of Jk - ¸iI has dimension 1

then there exists a change of coordinates such that in T A T  —1 the eigenvalue 
¸i will have associated  mg(¸i) Jordan blocks Jk with k = 1,…, mg(¸i ), 
each of dimension nk (we will not explore how to determine nk )

• the dimension of the largest Jordan block associated to ¸i is called index

for illustrative purposes, we assume that ¸i is the only eigenvalue and therefore the 
algebraic multiplicity will be equal to n if A is n x n

since A is not diagonalizable we have 0 < mg(¸i) < ma(¸i) = n 


in this case A is said to be defective
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non-diagonalizable case (A defective)

In this case the eigenvector is replaced by the generalized eigenvector which will form 
chains of nk generalized eigenvectors (not part of this course)

The resulting matrix, after a proper change of coordinates, is the Jordan canonical 
form which is block diagonal matrix having the Jordan blocks on the main diagonal

TAT�1 = J =

2

64
J1

. . .
Jp

3

75

Jk 2 Rnk⇥nk Jordan block of dim nk  for each k = 1, …, pwith

ma(�i) = n =
pX

k=1

nkand algebraic multiplicity 

unique eigenvalue ¸i of matrix A (n x n) with geometric multiplicity mg(¸i) = p

• example: 

then there exists a nonsingular matrix T such that
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non-diagonalizable case (multiple c.c. eigenvalues)

What happens if we have repeated complex conjugate eigenvalues in the non-
diagonalizable case, i.e., mg(¸i) < ma(¸i) ?

Let’s consider, for illustrative purposes,  n = 4 with the repeated pair of complex 
conjugate eigenvalues (¸i,¸i*),  ¸i = ®i + j!i with ma(¸i) = 2 and mg(¸i) = 1 

we know there exists a change of 
coordinates T which will lead to one Jordan 
block of dimension 2 for each eigenvalue

however we have the usual problem that 
the resulting matrix is complex; 
nevertheless as in the diagonalizable case, 
there exists a change of coordinates TR 
which leads to a real matrix

<latexit sha1_base64="5bGkqOF1s/nVKJdrC0CnhRAnqOk="></latexit>

TRAT�1
R =

0

BB@

↵i !i 1 0
�!i ↵i 0 1

0 0 ↵i !i

0 0 �!i ↵i

1

CCA

<latexit sha1_base64="Udj74GoqrGr1+r70QAeq8P8UAOU="></latexit>

TAT�1 =

0

BB@

�i 1 0 0
0 �i 0 0

0 0 �⇤
i 1

0 0 0 �⇤
i

1

CCA

block diagonal complex

block triangular real
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special cases

• if ma(¸i) = 1 then mg(¸i) = 1

• if mg(¸i) = 1 then only one Jordan block of dimension ma(¸i)

then only one Jordan block of dimension ma(¸i)


�1 1
0 �1

�
�1 = �1 ma(�1) = 2 mg(�1) = 1

consequence of the rank-nullity theorem applied to A  - ¸iI

rank(A - ¸iI)nullity(A - ¸iI)n

• if ¸i unique eigenvalue of matrix A and if rank(¸iI - A) = ma(¸i) - 1 

dim (Rn) = dim (Ker(A� �iI)) + dim (Im(A� �iI))

A� �iI : Rn ! Rn
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summary

A real
diagonalizable

A  real 
not diagonalizable

� = diag{�i}
9 T s.t. TAT�1 = �

mg(¸i) = ma(¸i) 
for all i

9 T s.t.

TAT�1 = diag{Jk}

A =
nX

i=1

�i ui v
T
i

�r = diag{�1, . . . ,�r}

Mi =


�i ⇥i

�⇥i �i

�

for real & complex ¸i 

alternative choice 
for complex (¸i,¸i*) 

Jk =

2

6664

�i 1 · · · 0
...

. . .
. . .

...
0 · · · �i 1
0 · · · 0 �i

3

7775
� Rnk⇥nk

mg(¸i ) Jordan blocks of the form

mg(¸i) < ma(¸i) 

spectral form

block diagonal
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vocabulary

English Italiano

eigenvalue/eigenvector autovalore/autovettore

characteristic polynomial polinomio caratteristico

algebraic/geometric 
multiplicity

molteplicità 
algebrica/geometrica

similar matrix matrice simile
spectral form forma spettrale


