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outline

•A (real) diagonalizable

- real eigenvalues (aperiodic natural modes)

- complex conjugate eigenvalues (pseudoperiodic natural modes)

- phase plots

•A (real) not diagonalizable

- Jordan blocks and corresponding natural modes both for real 

and complex conjugate eigenvalues

- special case: Re(¸i) = 0
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what we know

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t) +Du(t)

ẋ = Ax+Bu

y = Cx+Du

u y

input
state

output

x(0) = x0
(

S

x 2 Rn

u 2 Rp

y 2 Rq

A : n⇥ n

B : n⇥ p

C : q ⇥ n

D : q ⇥ p

x(t) = �(t)x0 +

Z t

0
H(t� �)u(�)d�

y(t) = ⇥(t)x0 +

Z t

0
W (t� �)u(�)d�

�(t) = eAt
H(t) = e

At
B

�(t) = CeAt W (t) = CeAtB +D�(t)
with

solution

state
ZIR + ZSR

output
ZIR + ZSR

We start from a state space representation 
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what we need

we want to analyze the general solution so to qualitatively describe the 
motion of our system and understand some of its basic properties (for 
example convergence/divergence of the state evolution, characteristics of 
the output time behavior, asymptotic behavior …) 

we need to be able to easily compute the exponential (or at least 
understand the important time functions that will be displayed in it)

eAt =
1X

k=0

tk

k!
Ak

note that the matrix exponential appears in all 4 terms and thus contributions

�(t) = eAt
H(t) = e

At
B

�(t) = CeAt W (t) = CeAtB +D�(t)
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how can linear algebra help?

ż = eAz + eBu

y = eCz + eDu
ẋ = Ax+Bu

y = Cx+Du

e
eAtwith 

easier to compute 

e
eAt = eTAT�1t = TeAtT�1eAt = T�1e

eAtT

• we want to find (if it exists) T such that        is “easier to compute”

•  if           is easier to compute then also eAt  is easier to compute 

• what special structure should     in order to make        easier to compute?

9T :
z = Tx
det(T ) 6= 0

if

then

eA

we obtain a different representation
 of the same system

(same system - different state)

<latexit sha1_base64="A2FY4BP+aCaVluZ5pgrgpt/3UMA=">AAAB/HicbVC5TsNAEF2HK4QrkJJmRYREFdmIq6AIoqEMEjmkxETr9ThZZX1odwyyrPArNBQgRMuH0PE3OIkLSHjSSE/vzWhmnhNJodE0v43C0vLK6lpxvbSxubW9U97da+kwVhyaPJSh6jhMgxQBNFGghE6kgPmOhLYzup747QdQWoTBHSYR2D4bBMITnGEm9csVuE97j8IFFNIFekVxXOqXq2bNnIIuEisnVZKj0S9/9dyQxz4EyCXTumuZEdopUyi4hHGpF2uIGB+xAXQzGjAftJ1Ojx/Tw0xxqReqrAKkU/X3RMp8rRPfyTp9hkM9703E/7xujN6FnYogihECPlvkxZJiSCdJUFco4CiTjDCuRHYr5UOmGMcsr0kI1vzLi6R1XLPOaqe3J9X6ZR5HkeyTA3JELHJO6uSGNEiTcJKQZ/JK3own48V4Nz5mrQUjn6mQPzA+fwDcI5Q+</latexit>

e
eAt

<latexit sha1_base64="A2FY4BP+aCaVluZ5pgrgpt/3UMA=">AAAB/HicbVC5TsNAEF2HK4QrkJJmRYREFdmIq6AIoqEMEjmkxETr9ThZZX1odwyyrPArNBQgRMuH0PE3OIkLSHjSSE/vzWhmnhNJodE0v43C0vLK6lpxvbSxubW9U97da+kwVhyaPJSh6jhMgxQBNFGghE6kgPmOhLYzup747QdQWoTBHSYR2D4bBMITnGEm9csVuE97j8IFFNIFekVxXOqXq2bNnIIuEisnVZKj0S9/9dyQxz4EyCXTumuZEdopUyi4hHGpF2uIGB+xAXQzGjAftJ1Ojx/Tw0xxqReqrAKkU/X3RMp8rRPfyTp9hkM9703E/7xujN6FnYogihECPlvkxZJiSCdJUFco4CiTjDCuRHYr5UOmGMcsr0kI1vzLi6R1XLPOaqe3J9X6ZR5HkeyTA3JELHJO6uSGNEiTcJKQZ/JK3own48V4Nz5mrQUjn6mQPzA+fwDcI5Q+</latexit>

e
eAt

<latexit sha1_base64="A2FY4BP+aCaVluZ5pgrgpt/3UMA=">AAAB/HicbVC5TsNAEF2HK4QrkJJmRYREFdmIq6AIoqEMEjmkxETr9ThZZX1odwyyrPArNBQgRMuH0PE3OIkLSHjSSE/vzWhmnhNJodE0v43C0vLK6lpxvbSxubW9U97da+kwVhyaPJSh6jhMgxQBNFGghE6kgPmOhLYzup747QdQWoTBHSYR2D4bBMITnGEm9csVuE97j8IFFNIFekVxXOqXq2bNnIIuEisnVZKj0S9/9dyQxz4EyCXTumuZEdopUyi4hHGpF2uIGB+xAXQzGjAftJ1Ojx/Tw0xxqReqrAKkU/X3RMp8rRPfyTp9hkM9703E/7xujN6FnYogihECPlvkxZJiSCdJUFco4CiTjDCuRHYr5UOmGMcsr0kI1vzLi6R1XLPOaqe3J9X6ZR5HkeyTA3JELHJO6uSGNEiTcJKQZ/JK3own48V4Nz5mrQUjn6mQPzA+fwDcI5Q+</latexit>

e
eAt

we start from 
the original system
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easiest case

� = diag{�i} =

2

6664

�1

�2

. . .
�n

3

7775 �k = diag{�k
i } =

2

6664

�k
1

�k
2

. . .
�k
n

3

7775

e�t =
1X

k=0

�k t
k

k!
= · · · =

2

6664

P1
k=0 �

k
1t

k/k! P1
k=0 �

k
2t

k/k!
. . . P1

k=0 �
k
nt

k/k!

3

7775

e⇤t =

2

6664

e�1t

e�2t

. . .
e�nt

3

7775
= diag{e�it}

matrix exponential of a diagonal matrix is immediate

Let’s assume we have            , a diagonal matrix, and compute its exponential

all off-diagonal 
terms are 0

<latexit sha1_base64="kviIrD9AadN1DQAmKPGrGghb2yI=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAQrMKu+CoUIjYWFhHMA7JLmJ29mwyZfTAzq4Q1hb9iY6GIrb9h5984SbbQxAMDh3Pu4d45XsKZVJb1bRTm5hcWl4rLpZXVtfUNc3OrIeNUUKjTmMei5REJnEVQV0xxaCUCSOhxaHr9q5HfvAchWRzdqUECbki6EQsYJUpLHXPHeWA+KMZ9wJf4Ajs3OuuTjlm2KtYYeJbYOSmjHLWO+eX4MU1DiBTlRMq2bSXKzYhQjHIYlpxUQkJon3ShrWlEQpBuNr5/iPe14uMgFvpFCo/V34mMhFIOQk9PhkT15LQ3Ev/z2qkKztyMRUmqIKKTRUHKsYrxqAzsMwFU8YEmhAqmb8W0RwShSldW0iXY01+eJY3Din1SOb49KlfP8zqKaBftoQNko1NURdeohuqIokf0jF7Rm/FkvBjvxsdktGDkmW30B8bnD3/ClR0=</latexit>

eA = ⇤
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• if the matrix is diagonal then its matrix exponential is immediate

7

how can linear algebra help?

• we found that a square matrix A could be diagonalized if and only if

with the diagonalizing change of coordinates T  defined as

mg(¸i) = ma(¸i)   for all eigenvalues ¸i 

eAt = T�1 e�t T = U e�t U�1

diagonalizable case

e¤t is straightforward and therefore also eAt is easy to compute

<latexit sha1_base64="M3K2p315ryE4b8m6uKd3t5s0CTc=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4sSTia6FQcOOyQtMW2lgm00k7dDIJMxOxhPyKGxeKuPVH3Pk3Th8LbT1w4XDOvdx7T5BwprTjfFtLyyura+uFjeLm1vbOrr1Xaqg4lYR6JOaxbAVYUc4E9TTTnLYSSXEUcNoMhrdjv/lIpWKxqOtRQv0I9wULGcHaSF27VH/ITtwc3aCsQzBHXo66dtmpOBOgReLOSBlmqHXtr04vJmlEhSYcK9V2nUT7GZaaEU7zYidVNMFkiPu0bajAEVV+Nrk9R0dG6aEwlqaERhP190SGI6VGUWA6I6wHat4bi/957VSHV37GRJJqKsh0UZhypGM0DgL1mKRE85EhmEhmbkVkgCUm2sRVNCG48y8vksZpxb2onN+flavXszgKcACHcAwuXEIV7qAGHhB4gmd4hTcrt16sd+tj2rpkzWb24Q+szx/SUpMB</latexit>

T�1 = U

• therefore we have



Lanari: CS - Dynamic response - Time 8

if                       is block diagonal, is the matrix exponential also simplified?

non-diagonalizable case

diag{eJit} has a special structure that we are going to 
explore (being Ji a Jordan block)

ediag{Ji}t =
�X

k=0

diag{Ji}k
tk

k!
= · · · =

2

6664

eJ1t

eJ2t

. . .
eJrt

3

7775
= diag{eJit}

yes

• moreover

how can linear algebra help?

eA = diag{Ji}

• the exponential of a block diagonal matrix is still a block diagonal matrix 
with the exponentials of the single submatrices (blocks) on the diagonal
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first summary

eAt

A non-diagonalizable

A diagonalizable eAt = U e�t U�1

eAt = T�1 diag
�
eJit

 
T

what’s next?

we are going to explore these two cases and understand the 
different time functions that are present so that we will be 
able to predict how, for example, the ZIR qualitatively behaves

we want to compute explicitly the matrix exponential eAt and we understood 
that, in the proper coordinates, this reduces to the computation of the 
exponential of a diagonal matrix or a particular block diagonal matrix 

NB. we will also need to consider the particular cases when the elements on the 
diagonal or the Jordan blocks correspond to complex and conjugate eigenvalues. 
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matrix exponential: A diagonalizable

eAt =
nX

i=1

e�ituiv
T
i

eAt = U e�t U�1 T�1 = U =
⇥
u1 u2 · · · un

⇤

eAt =
⇥
u1 u2 . . . un

⇤

2

6664

e�1t

e�2t

. . .
e�nt

3

7775

2

6664

vT1
vT2
...
vTn

3

7775

spectral form of
the matrix exponential

A first result allows to move from the definition of matrix exponential involving 
an infinite sum to a spectral form of the matrix exponential which uses a finite 
sum of simple terms. Moreover these terms, in the real eigenvalue case, will also 
directly describe the type of motions which can be obtained in the state ZIR.

From being 

we can rewrite explicitly 

from which we obtain the spectral form of the matrix exponential 
valid when A is diagonalizable (both real and/or complex eigenvalues) 
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matrix exponential: ZIR (A diagonalizable)

projection of the initial
condition on the subspace 
generated by ui

constant

(
only
functions
of time

natural modes

How the zero-input response (unforced response) and more in general the 
whole response varies in time depends upon the eigenvalues

To acquire the qualitative behavior of the system motion, we need to distinguish 
the two cases: • ¸i is real

• (¸i,¸i*) complex conjugate 

xZIR(t) =
nX

i=1

e�itui v
T
i x0

Since xZIR(t) = eAt  x0 we can explicitly write the Zero Input Response (ZIR) as

the time functions appearing in the matrix exponential will define the natural modes 
of the system which qualitatively represent the system behavior, in particular during 
the state ZIR, but also in all other three terms (state ZSR, output ZIR and ZSR)
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matrix exponential: A diagonalizable

when A is diagonalizable

• if real eigenvalue ¸i the corresponding time function is e¸it 

• if complex eigenvalues (¸i,¸i*) with  ¸i = ®i + j!i the 
corresponding matrix exponential in the proper coordinates will be:

but instead of having the time functions e(®i + j!i)t and e(®i - j!i)t we 
want real functions of time so we need to go through the real system 
representation of the matrix exponential 


e�it 0
0 e�

⇤
i t

�

e

2

4 �i ⇥i

�⇥i �i

3

5t

we distinguish between real and complex eigenvalues

we need to expand this exponential



Lanari: CS - Dynamic response - Time 13

A diagonalizable - real eigenvalues

a real eigenvalue ¸i generates the natural mode e¸it which is defied as an 
aperiodic natural mode

t

�i = 0

�i > 0

�i < 0

e�it = e�t/⇥i ⌧i = � 1

�i
with time constant

⌧i

1

1/e

when the eigenvalue ¸i is negative, it is common to describe the decaying exponential 
through the time interval it takes to go from 1 to 1/e

aperiodic 

natural mode

e¸it

depending on the sign of 
the real eigenvalue, we 
obtain completely different 
time evolutions

the smaller the time constant ¿i the faster the natural mode decays to 0
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initial conditions

x0

uiv
T
i = Pi

uiv
T
i x0 = Pix0 = ciui

x0 =
nX

i=1

ciui

or

xZIR(t) =
nX

i=1

e�itui v
T
i x0

how to see
the contribution of
an initial condition
to each natural mode

(

express the initial condition 
in the base given by the 
eigenvectors

use the projection matrices

When A is diagonalizable and the eigenvalues are real, from the spectral 
representation of the matrix exponential we can interpret the effect of the 
matrices ui vi T on the initial condition

<latexit sha1_base64="g7DU3FaE/XoSiyvakYxh36RzCI0=">AAACG3icbVDLSgMxFM34rPU16tJNsChuLDP11Y1QceOygn1Ap5RMetuGZjJDkhHL0P9w46+4caGIK8GFf2OmLaitBxIO59zLvff4EWdKO86XNTe/sLi0nFnJrq6tb2zaW9tVFcaSQoWGPJR1nyjgTEBFM82hHkkggc+h5vevUr92B1KxUNzqQQTNgHQF6zBKtJFaduESX2DPhy4TSRQQLdn9EB8V8EH6eR5O2bEHov3jtuyck3dGwLPEnZAcmqDcsj+8dkjjAISmnCjVcJ1INxMiNaMchlkvVhAR2iddaBgqSACqmYxuG+J9o7RxJ5TmCY1H6u+OhARKDQLfVJoFe2raS8X/vEasO8VmwkQUaxB0PKgTc6xDnAaF20wC1XxgCKGSmV0x7RFJqDZxZk0I7vTJs6RayLtn+dObk1ypOIkjg3bRHjpELjpHJXSNyqiCKHpAT+gFvVqP1rP1Zr2PS+esSc8O+gPr8xs+i55y</latexit>

A =

✓
�2 �2
2 3

◆ <latexit sha1_base64="JWbU72+WC2wEl/AoToecQ+kyCSA=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCTFRzdCwY3LCvYBTSmT6U07dDIJMxOxhP6EG3/FjQtF3Aru/BunbRBtPXDhcM693HuPH3OmtON8WQuLS8srq7m1/PrG5ta2vbNbV1EiKdRoxCPZ9IkCzgTUNNMcmrEEEvocGv7gauw37kAqFolbPYyhHZKeYAGjRBupYx8nHRdfYs+HHhNpHBIt2f0IlzD2PHziYg9E90fu2AWn6EyA54mbkQLKUO3Yn143okkIQlNOlGq5TqzbKZGaUQ6jvJcoiAkdkB60DBUkBNVOJ1+N8KFRujiIpCmh8UT9PZGSUKlh6JtOc19fzXpj8T+vleig3E6ZiBMNgk4XBQnHOsLjiHCXSaCaDw0hVDJzK6Z9IgnVJsi8CcGdfXme1EtF97x4dnNaqJSzOHJoHx2gI+SiC1RB16iKaoiiB/SEXtCr9Wg9W2/W+7R1wcpm9tAfWB/fZVyduw==</latexit>

u1 =

✓
2
�1

◆ <latexit sha1_base64="N1c0w+8q1N7R82bLHcjN+Df89d0=">AAACIHicbVDJSgNBEO1xjXGLevTSGBRPYSauFyHgxWOEbJCJoadTkzTp6Rm6e4JhmE/x4q948aCI3vRr7CyIJj4oeLxXRVU9L+JMadv+tBYWl5ZXVjNr2fWNza3t3M5uTYWxpFClIQ9lwyMKOBNQ1UxzaEQSSOBxqHv965FfH4BULBQVPYygFZCuYD6jRBupnbsYtJ27Cr7Cri8JTZw0OUldD7pMJFFAtGT3KS5ifIQd7ILo/IjtXN4u2GPgeeJMSR5NUW7nPtxOSOMAhKacKNV07Ei3EiI1oxzSrBsriAjtky40DRUkANVKxg+m+NAoHeyH0pTQeKz+nkhIoNQw8Eynua+nZr2R+J/XjLV/2UqYiGINgk4W+THHOsSjtHCHSaCaDw0hVDJzK6Y9YpLSJtOsCcGZfXme1IoF57xwdnuaL11O48igfXSAjpGDLlAJ3aAyqiKKHtATekGv1qP1bL1Z75PWBWs6s4f+wPr6Bjpzomk=</latexit>

vT1 =
1

3

�
2 1

�

<latexit sha1_base64="FgEiLHdU+/fAE79F5PpPmIe99mg=">AAACInicbVDLSsNAFJ34rPVVdelmsChuWpL6XggFNy4VrC00NUwmN+3QySTMTMQS8i1u/BU3LhR1JfgxTmsRXwcuHM65l3vv8RPOlLbtN2ticmp6ZrYwV5xfWFxaLq2sXqo4lRQaNOaxbPlEAWcCGpppDq1EAol8Dk2/fzL0m9cgFYvFhR4k0IlIV7CQUaKN5JWOrr3a1QU+xm4oCc2cPNvJXR+6TGRJRLRkNzmuOBhv4UoNuyCCL9krle2qPQL+S5wxKaMxzrzSixvENI1AaMqJUm3HTnQnI1IzyiEvuqmChNA+6ULbUEEiUJ1s9GKON40S4DCWpoTGI/X7REYipQaRbzrNfT312xuK/3ntVIeHnYyJJNUg6OeiMOVYx3iYFw6YBKr5wBBCJTO3YtojJittUi2aEJzfL/8ll7Wqs1/dO98t1w/HcRTQOtpA28hBB6iOTtEZaiCKbtE9ekRP1p31YD1br5+tE9Z4Zg39gPX+ATCIotg=</latexit>

vT2 =
1

3

�
�1 �2

�
<latexit sha1_base64="MueC37Bkot9TSDh/hr5SmKAF3D8=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgutCTFRzdCwY3LCvYBTSiT6W07dDIJMxOxhP6EG3/FjQtF3Aru/BunbRBtPXDhcM693HtPEHOmtON8WQuLS8srq7m1/PrG5ta2vbNbV1EiKdRoxCPZDIgCzgTUNNMcmrEEEgYcGsHgauw37kAqFolbPYzBD0lPsC6jRBupbR8n7RK+xF4APSbSOCRasvsRdjH2PHxSwh6Izo/ctgtO0ZkAzxM3IwWUodq2P71ORJMQhKacKNVynVj7KZGaUQ6jvJcoiAkdkB60DBUkBOWnk69G+NAoHdyNpCmh8UT9PZGSUKlhGJhOc19fzXpj8T+vlehu2U+ZiBMNgk4XdROOdYTHEeEOk0A1HxpCqGTmVkz7RBKqTZB5E4I7+/I8qZeK7nnx7Oa0UClnceTQPjpAR8hFF6iCrlEV1RBFD+gJvaBX69F6tt6s92nrgpXN7KE/sD6+AWcCnbw=</latexit>

u2 =

✓
1
�2

◆¸1 = -1 ¸2 = 2

<latexit sha1_base64="l8pfe1Zi6Ec13HsazT88ev3bqHY="></latexit>

u1v
T
1 =

✓
4/3 2

2/3 1

◆

<latexit sha1_base64="PM7TRQgpXxL+9Y5WFekg+8ZkIi8="></latexit>

u2v
T
2 =

✓
�1/3 �2

2/3 4

◆
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u1
u2

eigenspace

eigenspace�1 > 0

�2 < 0

aperiodic
modes

example: real eigenvalue (n = 2) the 2D plot in the (x1, x2) plane displays the state 
trajectories for different initial conditions

projection
matrices

= e�1tu1c1 + e�2tu2c2
scalars

x0

x0

x0

x0 x0

x0

x0

xZIR(t) =
nX

i=1

e�itui v
T
i x0 xZIR(t) = e�1t u1v

T
1 x0 + e�2t u2v

T
2 x0

for n = 2

A diagonalizable - real eigenvalues

case with ¸1 > 0 and ¸2  < 0

V2

V1

<latexit sha1_base64="qWjcLZBt1g7mLXD1ttJpiD5VhSI=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4Krui1WPBi8cK/YLtumTTbBuaTZYkWyylP8OLB0W8+mu8+W9M2z1o64OBx3szzMyLUs60cd1vZ219Y3Nru7BT3N3bPzgsHR23tMwUoU0iuVSdCGvKmaBNwwynnVRRnESctqPh3cxvj6jSTIqGGac0SHBfsJgRbKzkZ6E3Cr3HxlPohqWyW3HnQKvEy0kZctTD0le3J0mWUGEIx1r7npuaYIKVYYTTabGbaZpiMsR96lsqcEJ1MJmfPEXnVumhWCpbwqC5+ntighOtx0lkOxNsBnrZm4n/eX5m4ttgwkSaGSrIYlGccWQkmv2PekxRYvjYEkwUs7ciMsAKE2NTKtoQvOWXV0nrsuJVK9cPV+VaNY+jAKdwBhfgwQ3U4B7q0AQCEp7hFd4c47w4787HonXNyWdO4A+czx9qVZCq</latexit>

u1v
T
1 x0

<latexit sha1_base64="TaBwH29O7p319XMCC+RbXZKu184=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0mKVo8FLx4r9AvSGDbbTbt0swm7k2IJ/RlePCji1V/jzX/jts1BWx8MPN6bYWZekAiuwba/rcLG5tb2TnG3tLd/cHhUPj7p6DhVlLVpLGLVC4hmgkvWBg6C9RLFSBQI1g3Gd3O/O2FK81i2YJowLyJDyUNOCRjJTf3axK89tp582y9X7Kq9AF4nTk4qKEfTL3/1BzFNIyaBCqK169gJeBlRwKlgs1I/1SwhdEyGzDVUkohpL1ucPMMXRhngMFamJOCF+nsiI5HW0ygwnRGBkV715uJ/nptCeOtlXCYpMEmXi8JUYIjx/H884IpREFNDCFXc3IrpiChCwaRUMiE4qy+vk06t6tSr1w9XlUY9j6OIztA5ukQOukENdI+aqI0oitEzekVvFlgv1rv1sWwtWPnMKfoD6/MHbWqQrA==</latexit>

u2v
T
2 x0

projections of x0 along V1 and V2

<latexit sha1_base64="qUqATbLlA80c3BuscVyV1imHmFU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKjxwDXjxGNA9IljA7mU2GzM4uM71CWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHljf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6KYc3PhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2nZEPwll9eJa2Lqnddvbq/rNRreRxFOIFTOAcPbqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHr4Y2L</latexit>c1
<latexit sha1_base64="wMNm2j8X+IYBsNL1FS73Y9RwmJ8=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3gI8eAF48RzQOSJcxOepMhs7PLzKwQlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1FjpgfWr/VLZrbhzkFXi5aQMORr90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NWPMzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2naEPwll9eJa1qxbuuXN1fluu1PI4CnMIZXIAHN1CHO2hAExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHtZY2M</latexit>c2
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examples

A =


�1 2
1 0

�
v̇ =

1

m
F

Mass-Spring-Damper (MSD)

ms̈+ µṡ+ ks = u A =


0 1

� k
m � µ

m

�

the eigenvalues are:
• real when we have high or critical damping
• complex conjugate when we have low damping

µ � 2
p
km

compute eigenvalues and check, for the real case, the sign
discuss how the eigenvalues and therefore the ZIR varies with µ in the real 
eigenvalues case

eigenvalue   ¸1 = 0

eigenvalues  ¸1 = -2    ¸2 = 1 

natural mode     e0t = 1

natural modes    e-2t and et  

from the second order ODE we found the state space model with dynamic matrix A
<latexit sha1_base64="5iJAgzk1jaPEXhvx0OzToDowkik="></latexit>

�1/2 =
�µ±

p
µ2 � 4km

2m

<latexit sha1_base64="htDTFUhIlqqXQlTARFQI7UndT/A=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5IUX4suCm5cVrAPaEKZTCft0JlJnIdQQ7/EjQtF3Pop7vwbp20W2nrgwuGce7n3nihlVGnP+3YKa+sbm1vF7dLO7t5+2T04bKvESExaOGGJ7EZIEUYFaWmqGemmkiAeMdKJxjczv/NIpKKJuNeTlIQcDQWNKUbaSn23HHAD67VAPUidjfm071a8qjcHXCV+TiogR7PvfgWDBBtOhMYMKdXzvVSHGZKaYkampcAokiI8RkPSs1QgTlSYzQ+fwlOrDGCcSFtCw7n6eyJDXKkJj2wnR3qklr2Z+J/XMzq+DjMqUqOJwItFsWFQJ3CWAhxQSbBmE0sQltTeCvEISYS1zapkQ/CXX14l7VrVv6xe3J1XGvU8jiI4BifgDPjgCjTALWiCFsDAgGfwCt6cJ+fFeXc+Fq0FJ585An/gfP4AjkuTBw==</latexit>

µ < 2
p
km
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consider first order and reversible chemical reactions between 
the two components A and B with reaction rates kd and ki

example: chemical reaction

CA is the concentration of the component A

A
kd�! B B

ki�! A

reversible reaction

ĊA + ĊB = 0

CA(t) + CB(t) = CA(0) + CB(0)

mass conservation

possible exercise:
• find eigenvalues and interpret
• find diagonalizing change of coordinates
• draw the phase plane trajectories

dCA

dt
= �kd CA + ki CB

dCB

dt
= kd CA � ki CB

CB is the concentration of the component B

the reaction dynamics are described by the following differential equations

system evolution from the initial conditions 
CA(0) = 10 and CB(0) = 0 

time
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A
k1�! B

k2�! C

CA(t) + CB(t) + CC(t) = initial value

dCA

dt
= �k1 CA

dCB

dt
= k1 CA � k2 CB

dCC

dt
= k2 CB

example: chemical reaction
chemical chain reactions between the three components A, B and C 

possible exercise:
• find eigenvalues and interpret
• find diagonalizing change of coordinates

the three concentrations satisfy the following differential equations
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A
k1�! B

A
k2�! C

A
k3�! D

dCA

dt
= �(k1 + k2 + k3)CA

dCB

dt
= k1 CA

dCC

dt
= k2 CA

dCD

dt
= k3 CA

example: chemical reaction
chemical parallel reaction of three components A, B and C 
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if A (real) diagonalizable (real form)

we need to:

• compute 

• use the change of coordinates TR that puts a generic (2 x 2) matrix A 
with complex eigenvalues into the real form

e

2

4 �i ⇥i

�⇥i �i

3

5t

TR AT�1
R =


�i ⇥i

�⇥i �i

�

A diagonalizable - complex eigenvalues

TR AT�1
R =


�i ⇥i

�⇥i �i

�
9 TR such that

the free state response 
or ZIR is xZIR(t) = eAtxo = T�1

R e

2

4 ↵i !i

�!i ↵i

3

5t

TRx0

Let us now consider the case of a pair of complex and conjugate eigenvalues (¸i,¸i*)
with ¸i = ®i + j!i 
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since matrices
commute

definition
of exponential

recognize
known series

e

2

4 �i ⇥i

�⇥i �i

3

5t

= e�it


cos⇥it sin⇥it
� sin⇥it cos⇥it

�

e

2

4 �i ⇥i

�⇥i �i

3

5t

= e

0

@

2

4�i 0
0 �i

3

5t+

2

4 0 ⇥i

�⇥i 0

3

5t

1

A

= e

2

4�i 0
0 �i

3

5t

· e

2

4 0 ⇥i

�⇥i 0

3

5t

= e�itI ·
 1X

k=0


0 ⇥i

�⇥i 0

�k tk

k!

!

= ... = e�it


cos⇥it sin⇥it
� sin⇥it cos⇥it

�

A diagonalizable - complex eigenvalues

(¸i,¸i*) with ¸i = ®i + j!i

we obtain

• 1st step: 
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• write the initial condition as

• change of coordinates for the real system representation if complex eigenvalues

ui = ure + j uim

complex
vector

real
vectors

eigenvector

T�1
R =

⇥
ure uim

⇤

x0 = caure + cbuim =
⇥
ure uim

⇤ ca
cb

�
= T�1

R


ca
cb

�
TR x0 =


ca
cb

�

• define the quantities mR and 'R as

mR =
q
c2a + c2b

sin�R =
cap

c2a + c2b

cos�R =
cbp

c2a + c2b
cb = mR cos�R

ca = mR sin�R

also linearly independent
if A is real

A diagonalizable - complex eigenvalues

 ¸i = ®i + j!i 

non-singular

• 2nd step: 
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eAtx0 = mR e�it [sin(�it+ ⇥R)ure + cos(�it+ ⇥R)uim]

eAtx0 = T�1e

2

4 �i ⇥i

�⇥i �i

3

5t

Tx0

=
⇥
ure uim

⇤
e�it


cos⇥it sin⇥it
� sin⇥it cos⇥it

� 
mR sin⇤R

mR cos⇤R

�

exponential x periodic vectors

ZIR

depend upon the initial condition

A diagonalizable - complex eigenvalues

combining all the previous results we have

the zero input response will have components along the real and imaginary part of 
the eigenvector with damped (or diverging or constant) oscillating amplitudes which 
are scaled and shifted by quantities depending upon the initial conditions 
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In the presence of complex eigenvalues (¸i,¸i*), the corresponding natural mode is 

called pseudoperiodic natural mode 

natural modes (complex eigenvalues - A diagonalizable)

t

t

t

eAtx0 = mR e�it [sin(�it+ ⇥R)ure + cos(�it+ ⇥R)uim]

�i > 0 ↵i = 0 �i < 0

e0t
e�ite�it

time functions 
of the form

from ® and ! we have a 
qualitative behaviour of the ZIR

The ZIR is a linear combination (plus a time shift) of such natural modes

<latexit sha1_base64="My8GBXgGjGDL9tNJfKbGF3l03F0=">AAAB+HicbVDLSsNAFL3xWeujUZduBotQNyURH10W3LisYh/QhDCZTtqhk0mYmRRq6Ze4caGIWz/FnX/jtM1CWw9cOJxzL/feE6acKe0439ba+sbm1nZhp7i7t39Qsg+PWirJJKFNkvBEdkKsKGeCNjXTnHZSSXEcctoOh7czvz2iUrFEPOpxSv0Y9wWLGMHaSIFd8hQTFW+EZTpgwcN5YJedqjMHWiVuTsqQoxHYX14vIVlMhSYcK9V1nVT7Eyw1I5xOi16maIrJEPdp11CBY6r8yfzwKTozSg9FiTQlNJqrvycmOFZqHIemM8Z6oJa9mfif1810VPMnTKSZpoIsFkUZRzpBsxRQj0lKNB8bgolk5lZEBlhiok1WRROCu/zyKmldVN3r6tX9Zbley+MowAmcQgVcuIE63EEDmkAgg2d4hTfryXqx3q2PReualc8cwx9Ynz9BxpLP</latexit>

sin('R)

<latexit sha1_base64="zP3qGjrtD7BLf+9KFumNEccpAc4=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSDEJuyKr8IiYGMZwTwgG8Ps5CYZMjO7zMwKYUlp46/YWChi6yfY+TdONik08cCFwzn3cu89YcyZNp737SwsLi2vrObW8usbm1vb7s5uTUeJolClEY9UIyQaOJNQNcxwaMQKiAg51MPB9divP4DSLJJ3ZhhDS5CeZF1GibFS2z2A+zQgPO6TNsNmFGgmcTGIBPQy4bjtFrySlwHPE39KCmiKStv9CjoRTQRIQznRuul7sWmlRBlGOYzyQaIhJnRAetC0VBIBupVmj4zwkVU6uBspW9LgTP09kRKh9VCEtlMQ09ez3lj8z2smpnvZSpmMEwOSThZ1E45NhMep4A5TQA0fWkKoYvZWTPtEEWpsdnkbgj/78jypnZT889LZ7WmhfDWNI4f20SEqIh9doDK6QRVURRQ9omf0it6cJ+fFeXc+Jq0LznRmD/2B8/kD2xWZNg==</latexit>

e↵it sin(!it)
<latexit sha1_base64="pj6dHIewkvJdb3JpvJJ29SYbxQo=">AAACCHicbVC7SgNBFJ31GeNr1dLCwSDEJuyKr8IiYGMZwTwgG8Ps5CYZMrOzzMwKYUlp46/YWChi6yfY+TdONik08cCFwzn3cu89YcyZNp737SwsLi2vrObW8usbm1vb7s5uTctEUahSyaVqhEQDZxFUDTMcGrECIkIO9XBwPfbrD6A0k9GdGcbQEqQXsS6jxFip7R7AfRoQHvdJm2EzCqjUuBhIAb1MOG67Ba/kZcDzxJ+SApqi0na/go6kiYDIUE60bvpebFopUYZRDqN8kGiICR2QHjQtjYgA3UqzR0b4yCod3JXKVmRwpv6eSInQeihC2ymI6etZbyz+5zUT071spSyKEwMRnSzqJhwbicep4A5TQA0fWkKoYvZWTPtEEWpsdnkbgj/78jypnZT889LZ7WmhfDWNI4f20SEqIh9doDK6QRVURRQ9omf0it6cJ+fFeXc+Jq0LznRmD/2B8/kD0yaZMQ==</latexit>

e↵it cos(!it)
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pseudoperiodic natural mode (prove how it turns)

x0

ure

uim

x0

ure

uim
x0

natural modes (complex - A diagonalizable)

ure

uim

complex and conjugate eigenvalues (¸i,¸i*) (n = 2) the 2D plots in the (x1, x2) 
plane display, starting from a generic initial condition, the different behavior of the 
ZIR depending upon the sign of the real part of the eigenvalue ®i = Re[¸i]

®i  > 0 ®i  = 0 ®i  < 0

-4 -3 -2 -1 0 1 2 3 4

x1

-4

-3

-2

-1

0

1

2

3

4

x 2

Phase portrait (complex conjugate case)

-4 -3 -2 -1 0 1 2 3 4

x1

-4

-3

-2

-1

0

1

2

3

4

x 2

Phase portrait (complex conjugate case)

-4 -3 -2 -1 0 1 2 3 4

x1

-4

-3

-2

-1

0

1

2

3

4

x 2

Phase portrait (complex conjugate case)
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!n =
p

↵2 + !2 ⇣ =
�↵p

↵2 + !2

natural frequency damping coefficient

�|↵|

!

Re

Im

!n

⇣ = sin#

#

(¸i,¸i*) in the characteristic polynomial gives

natural modes (complex - A diagonalizable)

 Note that ¸i = ® + j!   can be represented by its real and imaginary part (®, !) 
or by (!n, ³) defined as

<latexit sha1_base64="L1IMkCjwOYjJLOw7WnxFp05XETc=">AAAClXicbVFNT9tAEF270NKUtikceuCyImoVFDWyo35wKBIFhLhBpQaQ4sQabyZhxXpt7Y4rhYh/1F/TW/8N62CgCTxppaf33szuziS5kpaC4J/nP1tafv5i5WXt1errN2/r79ZObVYYgV2RqcycJ2BRSY1dkqTwPDcIaaLwLLncL/2z32iszPQvmuTYT2Gs5UgKICfF9T+8GSkXHwL/xCsWy62nxEEElrb4x507adBxdvPeby 0mWw+18xaPovk2Ld6JrpCAR1mKY4j1nVf2qKRBpxbXG0E7mIE/JmFFGqzCSVz/Gw0zUaSoSSiwthcGOfWnYEgKhde1qLCYg7iEMfYc1ZCi7U9nU73mH5wy5KPMuKOJz9T/K6aQWjtJE5dMgS7soleKT3m9gkbb/anUeUGoxe1Fo0Jxyni5Ij6UBgWpiSMgjHRv5eICDAhyiyyHEC5++TE57bTDr+0vPz83dr9X41hhG2yTNVnIvrFddsROWJcJb83b9n54e/57f8c/8A9vo75X1ayzOfjHN5m5w8k=</latexit>

(�� �i)(�� �⇤
i ) = �2 � (�i + �⇤

i ) + �i�
⇤
i

= �2 + 2⇣!n�+ !2
n

case 
® < 0

we can express the pseudoperiodic natural modes as

e�⇣!nt sin(!n

p
1� ⇣2t) e�⇣!nt cos(!n

p
1� ⇣2t)and

since we have the inverse relations

↵ = �⇣!n ! = !n

p
1� ⇣2

so �1/2 = �⇣!n ± j!n

p
1� ⇣2 = !n

⇣
�⇣ ± j

p
1� ⇣2

⌘
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6= !n

!

Re

Im

#

!n1

!n2

same ³ 

!

Re

Im

!n #6= ⇣
same !n

natural modes (complex - A diagonalizable)
influence of the parameters (®, !) or (!n, ³) on the pseudoperiodic  natural mode

0 2 4 6 8 10 12 14 16 18 20
time

-0.5

0

0.5

1
Fixed !n = 2 and varying 1

0.1 0.3 0.6 0.8
damping 1

0 5 10 15 20 25 30 35 40
time

-0.2

0

0.2

0.4

0.6
Fixed 1 = 0:3 and varying !n

0.5 2 5
natural frequency !n

0 2 4 6 8 10 12 14 16 18 20
time

-0.5

0

0.5

1
Fixed Im[6i] = 1 and varying Re[6i]

-0.1 -1 -5
Re[6i]

0 2 4 6 8 10 12 14 16 18 20
time

-1

-0.5

0

0.5

1
Fixed Re[6i] = !0:2 and varying Im[6i]

0.1 0.5 5
Im[6i]

Re

Im

®2®1

Re

Im

®

!1

!2

!
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phase plane examples

x1
-5 -4 -3 -2 -1 0 1 2 3 4 5

x 2

-5

-4

-3
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-1

0

1
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4

5
Phase portrait (lambda1 = -1, lambda2 = 1)

x1
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x 2
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Phase portrait (lambda1 = -0.5, lambda2 = -1)
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Phase portrait (lambda1 = 0.5, lambda2 = 0.1)
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Phase portrait (complex conjugate case)

x1
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Phase portrait (complex conjugate case)

x1
-5 -4 -3 -2 -1 0 1 2 3

x 2

-4

-3

-2

-1

0

1

2

3

4
Phase portrait (lambda1 = -0.5, lambda2 = 0)

�1 = �1 �2 = 1 �1 = �0.5 �2 = �1 �1 = �0.5 �2 = 0

�1 = 0.5 �2 = 0.1�1/2 = 0.2± j�1/2 = �0.5± j
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natural modes (Mass - Spring - Damper)
we can now study the natural modes of the Mass-Spring-Damper system

ms̈+ µṡ+ ks = u

• real eigenvalues when high damping µ � 2
p
km

k

µ

s

u

• complex eigenvalues when low damping µ < 2
p
km

if >, over damping
if =, critical damping

if <, under damping

�n =

r
k

m
� =

1

2

µp
km

damping
coefficient

mechanical friction
coefficient

to obtain the natural modes we first compute the eigenvalues (see previous slides)

natural
frequency

from the second order ODE 
we derived our state space 
model with dynamic matrix A =


0 1

� k
m � µ

m

�

computing the natural frequency !n and damping coefficient ³ we note that the 
natural frequency corresponds to the mechanical frequency when there is no 
friction and the damping coefficient is proportional to the mechanical damping µ
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three different types of natural modes depending on µ

normalized (s(t)/s(0)) plot of the ZIR
under-damped 
critically damped   
over-damped      

ms̈+ µṡ+ ks = u

s(
t)

/s
(0

)

µcrit = 2
p
km

natural modes (Mass - Spring - Damper)

recall that we have pseudoperiodic natural modes only for  

0 1 2 3 4 5 6 7 8 9 10
time

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
Normalized Zero Input Response - MSD

7 = 37crit

7 = 27crit

7 = 1:57crit

7 = 7crit

7 = 0:77crit

7 = 0:27crit

7 = 0

µ < 2
p
km
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�1
�0.5

0
0.5

1

�1

�0.5

0

0.5

1
0

0.2

0.4

0.6

0.8

1

natural modes (diagonalizable case)
example: consider the system characterized by a real and a pair of complex 
conjugate eigenvalues. The ZIR is a linear combination of an aperiodic and 
a pseudoperiodic natural mode. The two shown ZIR are for the same 
system but with similar (through a change of coordinates) dynamic matrix.

2

4
�1 10 0
�10 �1 0
0 0 �1

3

5

0
0.2

0.4
0.6

0.8
1

�0.5

0

0.5

1�0.5

0

0.5

1

2

4
�6 5 4
5 �6 �16

�10 10 9

3

5
same eigenvalues

block-diagonal �1/2 = �1± 10j
�3 = �1
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x0 =

0

@
1
1
1

1

A
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z0 = Tx0
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natural modes (non-diagonalizable case)

J =

2

4
�i 1 0
0 �i 1
0 0 �i

3

5 =

2

4
�i 0 0
0 �i 0
0 0 �i

3

5+

2

4
0 1 0
0 0 1
0 0 0

3

5

example: n = 3, ma(¸i) = 3, mg(¸i) =1 thus one Jordan block of dimension 3 

eJt =

2

4
e�it te�it 1

2 t
2e�it

0 e�it te�it

0 0 e�it

3

5

new
time functions

maximum exponent
depends on 

the dimension of 
the Jordan block

(proof)

J1 J2

e(J1+J2)t = eJ1teJ2t

| {z } | {z }

e�it, te�it,
t2

2
e�it

using the definition of matrix exponential one obtains:

• since J1 and J2 commute in the product
• since J2 is nilpotent (J2

3 = 0) the infinite sum in eJ2 t becomes finite

the natural modes are

single
Jordan block

case
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New time functions appear as natural modes

depends on nk (the index of ¸i)e�it, te�it, . . . ,
tnk�1

(nk � 1)!
e�it

with index (dimension of the largest Jordan block associated to ¸i) nk

eAt = T�1 diag
�
eJit

 
T

In the proper coordinates, tha matrix will display its Jordan blocks

natural modes (non-diagonalizable case)
general case: 
assume that the matrix A (n x n) has only one eigenvalue thus ma(¸i) = n. 
Moreover the geometric multiplicity is mg(¸i) < ma(¸i) = n (non diagonalizable 
case), and thus we have mg(¸i) Jordan blocks Ji

Since in general we will obtain mg(¸i) Jordan blocks relative to the eigenvalue ¸i, the 
maximum exponent of t that will appear in the natural modes will depend on the 
largest Jordan block, that is on the index nk of ¸i .
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What contribution in time these new terms give?
Is asymptotic convergence to 0 affected?

tk

k!
e�it

• if ¸i is real negative, exponential wins 
and it converges to 0 as t ! 1 

example

A =

✓
�0.5 1
0 �0.5

◆

natural modes (non-diagonalizable case)

0 1 2 3 4 5 6 7 8 9 10
time

0

0.2

0.4

0.6

0.8

1
Functions (tk=k!)e!t

k = 0
1
2
3
4
5

• if ¸i is real positive, it diverges

• if ¸i = 0, it diverges when  k ¸  0

-5 -4 -3 -2 -1 0 1 2 3 4 5

x1

-4

-3

-2

-1

0

1

2

3

4

x 2

Phase portrait, 61 = !0:5, ma(61) = 2, mg(61) = 1
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natural modes (non-diagonalizable case)

If we have complex eigenvalues (¸i,¸i*) with ¸i = ®i + j!i and index nk greater 
than 1 then the following time functions will also appear

e�it sin�it, te�it sin�it, . . . ,
tnk�1

(nk � 1)!
e�it sin�it

0 1 2 3 4 5 6 7 8 9 10
time

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.6

Functions (tk=k!)e!t sin 3t

k = 0
1
2
3
4
5

case with Re[¸i] = ®i < 0
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natural modes (non-diagonalizable case)

2

4
0 1 0
0 0 1
0 0 0

3

5 ¸i = 0 t

t2

1

diverging

2

664

j�i 1 0 0
0 j�i 0 0
0 0 �j�i 1
0 0 0 �j�i

3

775

2

664

0 !i 1 0
�!i 0 0 1
0 0 0 !i

0 0 �!i 0

3

775
or

real form

(¸i,¸i*) = ±j!i

sin(!i t) t  sin(!i t) diverging

When Re[¸i] = 0 the geometric multiplicity plays an important role in determining if 
the corresponding natural mode is diverging or not. 
When mg(¸i) < ma(¸i) (and Re[¸i] = 0) the corresponding natural mode will 
diverge asymptotically.

natural
modes

natural modes
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natural modes (non-diagonalizable case)

Re(¸i) = 0 ¸i = 0example

1
0.5

x1

0
-0.5

-1-1

-0.5

0

x2

0.5

0

-0.2

-0.4

-0.6

-0.8

-1

0.2

0.4

0.6

0.8

1

1

x3

x1
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

x2

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
projection on the (x1,x2) plane

A =

0

@
0 1 0
0 0 1
0 0 0

1

A

eAtx0 =

0

@
1 t t2/2
0 1 t
0 0 1

1

Ax0

x0 =

0

@
↵
0
0

1

A

x0 =

0

@
↵
�
0

1

A

only constant 
mode is selected

constant and t 
mode are selected

x(t) =

0

@
↵+ �t

�
0

1

A

x(t) =

0

@
↵
0
0

1

A
(x1, x2) plane

mg(¸i) = 1

ma(¸i) = 3

depending upon the initial condition, 
different natural modes are excited
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summary

A real
diagonalizable

A real
non-diagonalizable

mg(¸i) = ma(¸i) 
for all i

aperiodic mode

mg(¸i) < ma(¸i) 

spectral form

real ¸i 

complex
¸i = ®i + j !i

e�it

pseudoperiodic mode

e�it [sin(�it+ ⇥R)ure + cos(�it+ ⇥R)uim]

eAt =
nX

i=1

e�ituiv
T
i

real ¸i 

complex
¸i = ®i + j !i

. . . ,
tnk�1

(nk � 1)!
e�it

. . . ,
tnk�1

(nk � 1)!
e�it sin�it

index(¸i) = nk 
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vocabulary

English Italiano

natural mode modo naturale

aperiodic/pseudoperiodic 
natural mode

modo naturale aperiodico/
pseudoperiodico

natural frequency pulsazione naturale

damping coefficient coefficiente di smorzamento
spectral form forma spettrale


