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outline

• how to compute in the s-domain the forced response (zero-state response) using the 

transfer function

• how to inverse transform the resulting responses so to obtain the time response

• partial fraction expansion (general case)

• integral theorem for the Laplace transform

• time shifting theorem for the Laplace transform

• transfer function of a delay

• computing the forced response to a shifted input
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Zero State Response (forced response)

see table of common Laplace transforms
(all rational functions)

(rational function).(rational function) = rational function

YZS(s) = W (s)U(s)

yZS(t)

YZS(s)

Basic idea: write the function, we want to find the inverse Laplace transform of, as a 
linear combination of “easy to transform” terms (e.g., one present in the table of 
transforms) and then use the linearity property of the inverse transformation

Partial fraction expansion (Heaviside)
for rational functions

For rational functions: represent a complicated fraction as the sum of simpler 
fractions for which we know the inverse Laplace transform (partial fraction expansion 
or decomposition)
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Laplace transform table

�(t)

��1(t)
1

s

tk

k!

1

sk+1

eat
1

s� a

sin�t
�

s2 + �2
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s� j�
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s+ j�
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s

s2 + �2
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1/2

s� j�
+

1/2

s+ j�

sin(�t+ ⇥)
s sin⇥+ � cos⇥

s2 + �2

1

tk

k!
eat

1

(s� a)k+1

eat sin�t

eat cos�t

�

(s� a)2 + �2

(s� a)

(s� a)2 + �2
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partial fraction expansion: distinct roots case

Let 
be a strictly proper rational function with coprime N(s) and 

D(s) and with distinct roots of D(s)
F (s) =

N(s)

D(s)

D(s) = an

nY

i=1

(s� pi) ) F (s) =
N(s)

an
Qn

i=1(s� pi)

F (s) =
nX

i=1

Ri

s� pi

Ri = [(s� pi)F (s)]
���
s=pi

i.e., we write 

then F (s) can be expanded as

where the residues Ri are computed as

<latexit sha1_base64="JaSY2C/hFZ32aFT6JSRHZq4JNHU=">AAACH3icbVDLSgMxFM3UV62vqks3wSJUxDIjvhYKBV24rGAf0MeQyWTa0EwyJBmhDP0TN/6KGxeKiLv+jel0Flo9EO7hnHu5uceLGFXatidWbmFxaXklv1pYW9/Y3Cpu7zSUiCUmdSyYkC0PKcIoJ3VNNSOtSBIUeow0veHN1G8+Eqmo4A96FJFuiPqcBhQjbSS3eH5bVofwGiKXQ9Xj8MiwhB87Y9VLixFgB/tCq9SCsyLcYsmu2CngX+JkpAQy1NziV8cXOA4J15ghpdqOHelugqSmmJFxoRMrEiE8RH3SNpSjkKhukt43hgdG8WEgpHlcw1T9OZGgUKlR6JnOEOmBmvem4n9eO9bBZTehPIo14Xi2KIgZ1AJOw4I+lQRrNjIEYUnNXyEeIImwNpEWTAjO/Ml/SeOk4pxV7PvTUvUqiyMP9sA+KAMHXIAquAM1UAcYPIEX8AberWfr1fqwPmetOSub2QW/YE2+ASqAnrc=</latexit>

D(s) = ans
n + an�1s

n�1 + · · ·+ as + ao

as

partial fraction expansion

• if F (s) is proper, rewrite it as the sum of a strictly proper rational function and a 
constant and then expand in partial fractions only the strictly proper part
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partial fraction expansion

• given the dynamic matrix A, find the matrix exponential using the partial fraction expansion
<latexit sha1_base64="CQ3KyogkLxo1io6ORoLB/qNjdTc=">AAACGHicbVDLSgMxFM3UV62vqks3waK4sc4UxW6EihuXFewDOkPJZG7b0ExmSDJiGfoZbvwVNy4Ucdudf2P6QLT1QMjhnHu59x4/5kxp2/6yMkvLK6tr2fXcxubW9k5+d6+uokRSqNGIR7LpEwWcCahppjk0Ywkk9Dk0/P7N2G88gFQsEvd6EIMXkq5gHUaJNlI7f3aNr7DrQ5eJNA6JluxxiE8dfIwd7Lq2+UsuiODHa+cLdtGeAC8SZ0YKaIZqOz9yg4gmIQhNOVGq5dix9lIiNaMchjk3URAT2iddaBkqSAjKSyeHDfGRUQLciaR5QuOJ+rsjJaFSg9A3lWa/npr3xuJ/XivRnbKXMhEnGgSdDuokHOsIj1PCAZNANR8YQqhkZldMe0QSqk2WOROCM3/yIqmXis5F0b47L1TKsziy6AAdohPkoEtUQbeoimqIoif0gt7Qu/VsvVof1ue0NGPNevbRH1ijb/gtndw=</latexit>

A =

✓
�1 1
0 2

◆

(sol: just expand and inverse transform)

<latexit sha1_base64="o+IMU9Hkpeu1r7w2r6RhlE2Svpg="></latexit>

(sI �A)�1 = �(s) =
1

s+ 1
R1 +

1

s� 2
R2

<latexit sha1_base64="Lcyfn0CNAlOb+LJoBLsVzKUjGgo=">AAACHXicbVDLSgNBEJz1GeMr6tHLYBAUNOyKohch4kXBg4KJQjYJs5PeZMjsg5leISz7I178FS8eFPHgRfwbJ4+DJhY0FFXddHd5sRQabfvbmpqemZ2bzy3kF5eWV1YLa+tVHSWKQ4VHMlL3HtMgRQgVFCjhPlbAAk/Cndc97/t3D6C0iMJb7MVQD1g7FL7gDI3ULBxCIz1z9zCjpzR1OZP0Kmuk+07mSvDRTXf0Jd2nZ7tDTYl2B92sWSjaJXsAOkmcESmSEa6bhU+3FfEkgBC5ZFrXHDvGesoUCi4hy7uJhpjxLmtDzdCQBaDr6eC7jG4bpUX9SJkKkQ7U3xMpC7TuBZ7pDBh29LjXF//zagn6J/VUhHGCEPLhIj+RFCPaj4q2hAKOsmcI40qYWynvMMU4mkDzJgRn/OVJUj0oOUcl++awWD4ZxZEjm2SL7BCHHJMyuSDXpEI4eSTP5JW8WU/Wi/VufQxbp6zRzAb5A+vrB6smoGY=</latexit>

eA t = L�1
�
(sI �A)�1

 

<latexit sha1_base64="XIdKzcX+hNjp21v6TnCT1JsedKg="></latexit>

(sI �A)�1 =

✓
s+ 1 �1
0 s� 2

◆�1

=
1

(s+ 1)(s� 2)

✓
s� 2 1
0 s+ 1

◆

<latexit sha1_base64="0PR/rVjq6QTn/uteMriHEyv7BGU="></latexit>

R1 = ((s+ 1)�(s))
���
s=�1

=

✓
1 �1
0 0

◆ <latexit sha1_base64="UWJRdXc09HFg04JtjDDsaqiGKq0="></latexit>

R2 = ((s� 2)�(s))
���
s=2

=

✓
0 1/3
0 1

◆

being

we expand

• given the transfer function W(s) of a system S, find its impulse response w(t)

exercises:

<latexit sha1_base64="7Xj++D8nFvFHlMcIgJvA8kaQUB4=">AAACCHicbVC7SgNBFL0bXzG+Vi0tHAxCQiDsBsU0QsDGMoJ5QLKE2clsMmT2wcysEJaUNv6KjYUitn6CnX/jbLKFJh64l8M59zJzjxtxJpVlfRu5tfWNza38dmFnd2//wDw8asswFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7lJ/c4DFZKFwb2aRtTx8ShgHiNYaWlgnnZKsoyuUd8TmCSyUpslsiQrdjltVnk2MItW1ZoDrRI7I0XI0ByYX/1hSGKfBopwLGXPtiLlJFgoRjidFfqxpBEmEzyiPU0D7FPpJPNDZuhcK0PkhUJXoNBc/b2RYF/Kqe/qSR+rsVz2UvE/rxcrr+4kLIhiRQOyeMiLOVIhSlNBQyYoUXyqCSaC6b8iMsY6EqWzK+gQ7OWTV0m7VrUvq9bdRbFRz+LIwwmcQQlsuIIG3EITWkDgEZ7hFd6MJ+PFeDc+FqM5I9s5hj8wPn8AfbGXDg==</latexit>

W (s) =
s+ 2

s(s+ 1)(s+ 10)

with

and inverse transform
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partial fraction expansion - general case

Let 

Let D(s) have m roots each with multiplicity ni that is 

F (s) =
N(s)

D(s)
mX

i=1

ni = n

then F(s) can be expanded as

with residues Rij computed as

F (s) =
mX

i=1

niX

j=1

Rij

(s� pi)j

Rij =


1

(ni � j)!

dni�j

dsni�j
{(s� pi)

niF (s)}
�

s=pi

be a strictly proper rational function with coprime N(s) and D(s). 

<latexit sha1_base64="v5+EteWtijma2ybaUkxEAVm2GgU=">AAACNXicbVA7SwNBEJ6Lrxhfp5Y2i0GwSbiLimmEgI2FRQTzgCSGvc1esmTvwe6eEI77Uzb+DystLBSx9S+4uVxhEgcWvscMs/M5IWdSWdabkVtZXVvfyG8WtrZ3dvfM/YOmDCJBaIMEPBBtB0vKmU8biilO26Gg2HM4bTnj66nfeqRCssC/V5OQ9jw89JnLCFZa6pu3XVdgEsuSncTy4SxBVyhTZryU0UU75ZWkNOf2zaJVttJCy8DOQBGyqvfNl+4gIJFHfUU4lrJjW6HqxVgoRjhNCt1I0hCTMR7SjoY+9qjsxenVCTrRygC5gdDPVyhV/07E2JNy4jm608NqJBe9qfif14mUW+3FzA8jRX0yW+RGHKkATSNEAyYoUXyiASaC6b8iMsI6B6WDLugQ7MWTl0GzUrYvytbdebFWzeLIwxEcwynYcAk1uIE6NIDAE7zCB3waz8a78WV8z1pzRjZzCHNl/PwC7gOrgw==</latexit>

s� 1

s3
=

s

s3
� 1

s3
=

1

s2
� 1

s3
Example: verify that since you apply well the residue formula

and obtain R11 = 0, R12 = 1 and R13 = -1. 
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partial fraction expansion
example: 
find the zero-state output response (or output forced response) of the system characterized by 
the transfer function W(s) to the input u(t) = t (remember the function u(t) is assumed to be 
zero for t < 0)

W (s) =
s� 1

(s+ 1)(s+ 10)

U(s) = L[u(t)] = 1

s2
⇥ Y (s) = W (s)U(s) =

s� 1

(s+ 1)(s+ 10)

1

s2

Y (s) =
R11

s
+

R12

s2
+

R2

s+ 1
+

R3

s+ 10

y(t) = L�1(Y (s)) =
�
R11 +R12t+R2e

�t +R3e
�10t

�
��1(t)

R11 =


1

(2� 1)!

d2�1

ds2�1

�
s2Y (s)

 �

s=0

=


d

ds

⇢
s� 1

(s+ 1)(s+ 10)

��

s=0

=
21

100

R12 =


1

(2� 2)!

d2�2

ds2�2

�
s2Y (s)

 �

s=0

=


s� 1

(s+ 1)(s+ 10)

�

s=0

= � 1

10

R2 = [(s+ 1)Y (s)]s=�1 =


s� 1

s2(s+ 10)

�

s=�1

= �2

9

R3 = [(s+ 10)Y (s)]s=�10 =


s� 1

s2(s+ 1)

�

s=�10

=
11

900
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partial fraction expansion

example:

system input
<latexit sha1_base64="/sSg6awLRZlHIUQ/2mko7iUeiB8=">AAACCXicbZDLSsNAFIZP6q3WW9Slm8EipIglEcVuhIIgLivYC7ShTKaTdujkwsxEKCFbN76KGxeKuPUN3Pk2TtsstPrDwMd/zuHM+b2YM6ls+8soLC2vrK4V10sbm1vbO+buXktGiSC0SSIeiY6HJeUspE3FFKedWFAceJy2vfHVtN6+p0KyKLxTk5i6AR6GzGcEK231TXRtyQq6RD1fYJLKEydLpSWPnYql2a5kqG+W7ao9E/oLTg5lyNXom5+9QUSSgIaKcCxl17Fj5aZYKEY4zUq9RNIYkzEe0q7GEAdUuunskgwdaWeA/EjoFyo0c39OpDiQchJ4ujPAaiQXa1Pzv1o3UX7NTVkYJ4qGZL7ITzhSEZrGggZMUKL4RAMmgum/IjLCOhOlwyvpEJzFk/9C67TqnFft27NyvZbHUYQDOAQLHLiAOtxAA5pA4AGe4AVejUfj2Xgz3uetBSOf2YdfMj6+AcV4lyo=</latexit>

F (s) =
s� 1

s(s+ 1)(s� 10)

<latexit sha1_base64="AKkfWwEXpfui02Kp4egbtszQdLg=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4uQIpakKHYjFNy4rGAf0sYymU7aoZNJmJkIJWTvxl9x40IRt/6AO//GaZuFth64cOace5l7jxcxKpVtfxu5ldW19Y38ZmFre2d3z9w/aMkwFpg0cchC0fGQJIxy0lRUMdKJBEGBx0jbG19N/fYDEZKG/FZNIuIGaMipTzFSWuqbxTtLluEl7PkC4USeOmki76uWPHHKln7Z5RT2zZJdsWeAy8TJSAlkaPTNr94gxHFAuMIMSdl17Ei5CRKKYkbSQi+WJEJ4jIakqylHAZFuMrslhcdaGUA/FLq4gjP190SCAikngac7A6RGctGbiv953Vj5NTehPIoV4Xj+kR8zqEI4DQYOqCBYsYkmCAuqd4V4hHQqSsdX0CE4iycvk1a14pxX7JuzUr2WxZEHR6AILOCAC1AH16ABmgCDR/AMXsGb8WS8GO/Gx7w1Z2Qzh+APjM8fHbOX4Q==</latexit>

Y (s) =
s� 1

s2(s+ 1)(s� 10)

<latexit sha1_base64="8UJ3g/HG/e5alLhMzc17szeV9MQ=">AAAB/HicbVBNS8NAEJ34WetXtEcvi0Wol5KIYi9CwYvHCqYttKFstpt26WYTdjdCCfGvePGgiFd/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm2Xdsq7e/sHh/bRcVvFqSTUIzGPZTfAinImqKeZ5rSbSIqjgNNOMLmd+Z1HKhWLxYOeJtSP8EiwkBGsjTSwK15NnaMb1A8lJpmbZypHA7vq1J050CpxC1KFAq2B/dUfxiSNqNCEY6V6rpNoP8NSM8JpXu6niiaYTPCI9gwVOKLKz+bH5+jMKEMUxtKU0Giu/p7IcKTUNApMZ4T1WC17M/E/r5fqsOFnTCSppoIsFoUpRzpGsyTQkElKNJ8agolk5lZExtjEoE1eZROCu/zyKmlf1N2runN/WW02ijhKcAKnUAMXrqEJd9ACDwhM4Rle4c16sl6sd+tj0bpmFTMV+APr8wfvsJOl</latexit>

U(s) =
1

s

Y (s) =
R11

s
+

R12

s2
+

R2

s+ 1
+

R3

s+ 10

this behavior is not present in both 
the transfer function and the input

new time behavior t appears in the output!

<latexit sha1_base64="K1AFlMyJC1ERglsCG7GDi9dErqc=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsceCF48V7Ac0oWy2m3bpZhN2J0IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZemEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6nhUijeRoGS91LNaRxK3g0nd3O/+8S1EYl6xGnKg5iOlIgEo2gl3480Zbk3y82MDKo1t+4uQNaJV5AaFGgNql/+MGFZzBUySY3pe26KQU41Cib5rOJnhqeUTeiI9y1VNOYmyBc3z8iFVYYkSrQthWSh/p7IaWzMNA5tZ0xxbFa9ufif188wagS5UGmGXLHloiiTBBMyD4AMheYM5dQSyrSwtxI2pjYGtDFVbAje6svrpHNV927q7sN1rdko4ijDGZzDJXhwC024hxa0gUEKz/AKb07mvDjvzseyteQUM6fwB87nD/RZkZg=</latexit>

1

s
<latexit sha1_base64="/XwcGBhfPQb3gJND0Vd+WPADqiI=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSIIQklEsceCF48V7Ae0tWy2m3bpZhN2J0oJ+R9ePCji1f/izX/jts1BWx8MPN6bYWaeH0th0HW/nZXVtfWNzcJWcXtnd2+/dHDYNFGiGW+wSEa67VPDpVC8gQIlb8ea09CXvOWPb6Z+65FrIyJ1j5OY90I6VCIQjKKVHrqBpiz1stScexnpl8puxZ2BLBMvJ2XIUe+XvrqDiCUhV8gkNabjuTH2UqpRMMmzYjcxPKZsTIe8Y6miITe9dHZ1Rk6tMiBBpG0pJDP190RKQ2MmoW87Q4ojs+hNxf+8ToJBtZcKFSfIFZsvChJJMCLTCMhAaM5QTiyhTAt7K2EjaoNAG1TRhuAtvrxMmhcV76ri3l2Wa9U8jgIcwwmcgQfXUINbqEMDGGh4hld4c56cF+fd+Zi3rjj5zBH8gfP5A9LPkgg=</latexit>

1

s+ 1

<latexit sha1_base64="zsRZFHEc1eBh1VpwU7cYHji/NEs=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXiyJKPZY8OKxgq2FNpTNdtMu3WzCfgg15Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YcqZ0p737ZTW1jc2t8rblZ3dvf2qe3DYUYmRhLZJwhPZDbGinAna1kxz2k0lxXHI6UM4uZn5D49UKpaIez1NaRDjkWARI1hbaeBW+5HEJPPzTJ37Xo4Gbs2re3OgVeIXpAYFWgP3qz9MiImp0IRjpXq+l+ogw1Izwmle6RtFU0wmeER7lgocUxVk88NzdGqVIYoSaUtoNFd/T2Q4Vmoah7Yzxnqslr2Z+J/XMzpqBBkTqdFUkMWiyHCkEzRLAQ2ZpETzqSWYSGZvRWSMbRLaZlWxIfjLL6+SzkXdv6p7d5e1ZqOIowzHcAJn4MM1NOEWWtAGAgae4RXenCfnxXl3PhatJaeYOYI/cD5/AMAsknU=</latexit>

1

s� 10

<latexit sha1_base64="YJJ/jxplCbz7yVyCy9pe3o+phjQ=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBHqwZKIYo8FLx4r2A9oY9lsNu3SzSbsTpQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8PxFco+N8Wyura+sbm4Wt4vbO7t5+6eCwpeNUUdaksYhVxyeaCS5ZEzkK1kkUI5EvWNsf3Uz99iNTmsfyHscJ8yIykDzklKCRHnoBE0j62bk7qeBZv1R2qs4M9jJxc1KGHI1+6asXxDSNmEQqiNZd10nQy4hCTgWbFHupZgmhIzJgXUMliZj2stnVE/vUKIEdxsqURHum/p7ISKT1OPJNZ0RwqBe9qfif100xrHkZl0mKTNL5ojAVNsb2NAI74IpRFGNDCFXc3GrTIVGEogmqaEJwF19eJq2LqntVde4uy/VaHkcBjuEEKuDCNdThFhrQBAoKnuEV3qwn68V6tz7mrStWPnMEf2B9/gCVQpHg</latexit>

��1(t)

<latexit sha1_base64="6UZdfBa7Iq/2kxMYR21Wt07MZlM=">AAAB/XicbVDJSgNBEO2JW4zbuNy8DAYhHhJmRDHHgBePEcwCyRh6OpWkSc9Cd40Qh8Ff8eJBEa/+hzf/xk4yB018UPB4r4qqel4kuELb/jZyK6tr6xv5zcLW9s7unrl/0FRhLBk0WChC2faoAsEDaCBHAe1IAvU9AS1vfD31Ww8gFQ+DO5xE4Pp0GPABZxS11DOP4D4pY9rtg0DaS8pOWsKznlm0K/YM1jJxMlIkGeo986vbD1nsQ4BMUKU6jh2hm1CJnAlIC91YQUTZmA6ho2lAfVBuMrs+tU610rcGodQVoDVTf08k1Fdq4nu606c4UoveVPzP68Q4qLoJD6IYIWDzRYNYWBha0yisPpfAUEw0oUxyfavFRlRShjqwgg7BWXx5mTTPK85lxb69KNaqWRx5ckxOSIk45IrUyA2pkwZh5JE8k1fyZjwZL8a78TFvzRnZzCH5A+PzB6YXlKk=</latexit>

e�t��1(t)

<latexit sha1_base64="lXPh8O0kkZngC1yZwqutIan065Q=">AAACAHicbVBNS8NAEN3Ur1q/oh48eAkWoYKWRBR7LHjxWMF+QFPLZjNtFzcf7E6EEnLxr3jxoIhXf4Y3/43bNgdtfTDweG+GmXleLLhC2/42CkvLK6trxfXSxubW9o65u9dSUSIZNFkkItnxqALBQ2giRwGdWAINPAFt7+F64rcfQSoehXc4jqEX0GHIB5xR1FLfPID71LHdU8xcHwTSfnrmZBU86Ztlu2pPYS0SJydlkqPRN79cP2JJACEyQZXqOnaMvZRK5ExAVnITBTFlD3QIXU1DGoDqpdMHMutYK741iKSuEK2p+nsipYFS48DTnQHFkZr3JuJ/XjfBQa2X8jBOEEI2WzRIhIWRNUnD8rkEhmKsCWWS61stNqKSMtSZlXQIzvzLi6R1XnUuq/btRbley+MokkNyRCrEIVekTm5IgzQJIxl5Jq/kzXgyXox342PWWjDymX3yB8bnD0NvlYM=</latexit>

e10 t��1(t)

these behaviors are present in either 
the input or the impulse response (or both) 
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partial fraction expansion

F (s) =
N(s)

D(s)
=

N(s)

skD0(s)

F (s) =
R11

s
+

R12

s2
+ · · ·+ R1k

sk
+
XX Rij

(s� pi)j

R1k =


1

(k � k)!

dk�k

dsk�k

�
skF (s)

 � ���
s=0

=
⇥
skF (s)

⇤ ���
s=0

=
N(0)

D0(0)

special case:  F(s) has k poles in s = 0 

then

with

N.B. this result will be useful for the steady-state response to an order k input 

leading
coefficient

(generic rational function)

tk

k!

(we isolated the roots in s = 0)

and R1k will coincide with the system gain
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partial fraction expansion

p = �+ j⇥

p⇤ = �� j⇥

R

(s� p)k
+

R⇤

(s� p⇤)k
=

As+B

((s� �)2 + ⇥2)k

for complex poles R = a+ jb

R⇤

residue(

complex conjugate of R

general case
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partial fraction expansion

R

s� p
+

R⇤

s� p⇤
=

R(s� p⇤) +R⇤(s� p)

(s� �)2 + ⇥2
=

s(R+R⇤)� (Rp⇤ +R⇤p)

(s� �)2 + ⇥2

=
s(R+R⇤)� �(R+R⇤)� j⇥(R⇤ �R)

(s� �)2 + ⇥2

R+R⇤ = 2a, R⇤ �R = �2jb

R

s� p
+

R⇤

s� p⇤
=

2as� 2(a�+ b⇥)

(s� �)2 + ⇥2
=

As+B

(s� �)2 + ⇥2

A = 2a B = �2(a�+ b⇥)

for k = 1

with As+B = A(s� �) + ⇥(A�+B)/⇥

R

s� p
+

R⇤

s� p⇤
=

A(s� �)

(s� �)2 + ⇥2
+

⇥(A�+B)/⇥

(s� �)2 + ⇥2

e�t [A cos⇥t+ (A�+B)/⇥ sin⇥t]in t

rewritten
as

so that we
recognise

two
known

transforms

find the residue R =  a + jb associated to p = ® + j¯ (and R*)
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partial fraction expansion

H(s) =
1

(s2 + 1)(s� 2)2
H(s) =

R11

s� 2
+

R12

(s� 2)2
+

R2

s� j
+

R3

s+ j

H(s) =
R11

s� 2
+

R12

(s� 2)2
+

As+B

s2 + 1
, with A =

4

25
, B = � 6

50

h(t) =
�
R11e

2t +R12te
2t +A cos t+B sin t

�
��1(t)

R11 =


d

ds

⇢
1

(s2 + 1)

��

s=2

= � 4

25

R12 =


1

(s2 + 1)

�

s=2

=
1

5

R2 = [(s� j)H(s)]s=j =


1

(s+ j)(s� 2)2

�

s=j

=
1

8 + 6j
=

2

25
� j

3

50

R3 = [(s+ j)H(s)]s=�j =


1

(s� j)(s� 2)2

�

s=�j

=
1

8 + 6j
=

2

25
+ j

3

50
= R

⇤
2

example: 

<latexit sha1_base64="8lWCbppDnGnxF+k9fHsQFRd+IM0=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiShPjZCwY3LCvYBbSiT6aQdOpmEmUmhhPyJGxeKuPVP3Pk3TtsstPXAhcM593LvPUHCmdKO822VNja3tnfKu5W9/YPDI/v4pK3iVBLaIjGPZTfAinImaEszzWk3kRRHAaedYHI/9ztTKhWLxZOeJdSP8EiwkBGsjTSwbYzuUD+UmGRennlX+cCuOjVnAbRO3IJUoUBzYH/1hzFJIyo04Vipnusk2s+w1Ixwmlf6qaIJJhM8oj1DBY6o8rPF5Tm6MMoQhbE0JTRaqL8nMhwpNYsC0xlhPVar3lz8z+ulOrz1MyaSVFNBlovClCMdo3kMaMgkJZrPDMFEMnMrImNsYtAmrIoJwV19eZ20vZp7Xas/1qsNr4ijDGdwDpfgwg004AGa0AICU3iGV3izMuvFerc+lq0lq5g5hT+wPn8AGquSow==</latexit>

a =
2

25

<latexit sha1_base64="kEzSnBayN5Hangc7Hl4wSZ7kmqQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lqq16EghePFewHtKFstpt26WYTdjeFEvJPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMPD/mTGnH+bYKG5tb2zvF3dLe/sHhkX180lZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7mf+50plYpF4knPYuqFeCRYwAjWRhrYto/uUD+QmKRXWVp3soFddirOAmiduDkpQ47mwP7qDyOShFRowrFSPdeJtZdiqRnhNCv1E0VjTCZ4RHuGChxS5aWLyzN0YZQhCiJpSmi0UH9PpDhUahb6pjPEeqxWvbn4n9dLdHDrpUzEiaaCLBcFCUc6QvMY0JBJSjSfGYKJZOZWRMbYxKBNWCUTgrv68jppVyvudaX2WCs3qnkcRTiDc7gEF26gAQ/QhBYQmMIzvMKblVov1rv1sWwtWPnMKfyB9fkDGsCSow==</latexit>

b =
3

50
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Laplace transform (other properties)

L
Z t

0
f(�)d�

�
=

1

s
L [f(t)] =

1

s
F (s)

Integral property

direct application: 
output response to a step input (with zero initial state), i.e., the step response

in t

in s Y (s) = W (s)U(s) = W (s)
1

s

confirmed 
by integral 
property

⌧ = t� #

y(t) =

Z t

0
w(t� #)��1(#)d# =

Z t

0
w(t� #)d# =

Z t

0
w(⌧)d⌧

the step response is the integral of the impulse response
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Laplace transform (other properties)

L [f(t� T )��1(t� T )] = e�sTL [f(t)��1(t)] = e�sTF (s)

Time shifting property

we can use this result in both directions

• if we have a time shifted time function, we find the Laplace transform

• if we have a rational function F (s) multiplied by an exponential in s, we shift the time function 

resulting from the inverse Laplace transform of F (s)

e�sTF (s) f(t� T )��1(t� T )

shifted signal

t

f (t)±—1 (t)

t

f (t - T )±—1 (t - T )

T
t* t* + T

or, the value of the delayed signal at t1 is equal to the value that the original signal has at t1 - T
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Laplace transform (time shifting)

differences

t ±—1 (t)

t  ±—1 (t — T )

(t — T )±—1 (t )

(t — T )±—1 (t — T )

tT

t

t

t

original function to be shifted 
by T seconds

original function shifted 
by T seconds

not a shift of t ±—1 (t) 

not a shift of t ±—1 (t) 
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time delayed signal

time delay
of T sec

transfer function of the time delay

= e�sTtransfer function of a 
time delay of T sec

not a rational function

output

input

g(t) g(t� T )

L[g(t� T )��1(t� T )]

L[g(t)��1(t)]
=

G(s)e�sT

G(s)
= e�sT

Att.: partial fraction expansion is not possible since this 
transfer function is not rational (it is transcendental)

assume we have a block that delays a signal by T seconds

we can find its transfer function as the ratio of the Laplace transforms of the output and the input
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response to a shifted (delayed) input

• the same holds for the state forced response (or state zero-state response)

• when we write u(t — T) we mean u(t — T ) ±—1 (t — T )  (similarly for y(t — T ))

assume we know the forced response Y (s) of a system represented by the 
transfer function F (s) to an input U (s)

u(t) U (s)

u(t — T ) e 

— sT U (s)

Y  (s) = F (s) U (s) y(t)

Yt(s) = F (s) e 

— sT U (s)


       = F (s)U (s) e 

— sT


       = Y (s) e 

— sT
y(t — T )

delayed

delayed

then the forced output response to a shifted by T seconds input u(t — T ) is equal to the forced 
output response y(t) to the unshifted input u(t), shifted by T seconds, that is y(t — T )
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response to a shifted (delayed) input

assume we know the forced response Y (s) of a system represented by the 
transfer function F (s) to an input U (s)

u(t) U (s)

u(t — T ) e 

— sT U (s)

Y  (s) = F (s) U (s) y(t)

Yt(s) = F (s) e 

— sT U (s)


       = F (s)U (s) e 

— sT


       = Y (s) e 

— sT
y(t — T )

delayed

delayed

19

u(t)
t t

y(t)

t t

T
u(t — T )

T
y(t — T )

F (s)

F (s)

to compute the response to u(t — T ), if U (s) is a rational function, then we can still use the partial 
fraction expansion on Y (s) and then translate the resulting time response


