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Outline

• specifications

• open-loop shaping principle

• lead and lag controllers

• 4 basic situations

• sketch of PID controllers
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Specifications (closed-loop)

Static or at steady state

• desired behavior w.r.t. order k inputs in terms of a maximum allowed absolute error

• desired attenuation level w.r.t. constant disturbances acting on the forward loop

• tracking of a sinusoidal reference

• attenuation of sinusoidal disturbances and measurement noise

Dynamic

• location of eigenvalues/poles in the complex plane

• time domain specifications on the step response (mainly on the reference to output behavior)

• frequency domain specifications through the resonance peak and the bandwidth (mainly on the 

reference to output behavior)

Stability

• location of eigenvalues/poles in the complex plane

• robustness in terms of gain and/or phase margin
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Specifications

Static
or steady state equivalent to 

presence of a sufficient number of poles in s = 0 
and/or at the reference/disturbance angular 
frequency + sufficiently high gain (in absolute value)

Dynamic
bandwidth B3 (and rise time tr)

resonant peak Mr (and overshoot Mp)

!  c crossover frequency

PM phase margin

OPEN-LOOP System

Necessary conditions require the following 
structure in the controller 

CLOSED-LOOP System

Kc

sh

✓
1

s2 + �̄2

◆ for sinusoidal
reference or 
disturbance

R(s)

taken care by

C(s) =
Kc

sh
R(s)

generic structure of the
controller provided R(s)
does not alter the satisfaction
of the steady-state requirements
(may have extra imaginary poles
for sinusoidal reference)
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sh

C (s)

C (s)

R (s)

Kc

sh
P (s) extended/modified plantP̂ (s)

controller still to be chosen in order to satisfy the dynamic specifications 
and stability

necessary part of the controller

R (s)
Kc

sh
P (s)Loop function L (s) =

plant

static
specifications

dynamic
specifications

+
stability

P̂ (s)

controller
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open-loop shaping: basic idea

Basic idea: being the plant P (s) fixed, choose the controller C (s) to shape the loop function 

frequency response L (j!) such that the closed-loop satisfies the specifications

C (s)

magdB

phase

!⇤
c

PM⇤

L (j!) with some desired
characteristics

such that

C (s) = C1 (s)R (s)

C1 (s)

R (s)

static specs

dynamic performance specs
+ stability

Kc

sh

to be defined
(lead/lag compensators)

a part of the desired shape of the loop function is determined by the necessary steady-state 
requirements (poles in s = 0, minimum value for the loop gain, …)

either

or

|Kc| free

|Kc| ¸  Kc,min

closed-loop stability 
will be guaranteed

by Bode stability theorem
provided it can be applied



Lanari: CS - Loop shaping 7

R (s)
Kc

sh
P (s)Loop function L (s) =

the (static) gain Kr of R (s) can be:

• if a steady state specification requires a sufficiently high loop gain 

then Kr can only be greater equal than 1, for example to achieve some amplification

• if the steady state specifications do not imply a specific requirement for the loop gain 
then we have a unique controller gain  KcKr which can be chosen (in magnitude) freely, 

for example in order to achieve (if necessary) some attenuation 

|Kc| ¸  Kc,minwhich is guaranteed choosing

|KL| ¸  KL,min

Loop (generalized) gain KL = KrKcKp

open-loop shaping: steady-state specifications
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hyp: the necessary part of the controller  C (s) has been already determined so we have the 

extended/modified plant
P̂ (s) = C1(s)P (s) =

Kc

sh
P (s)

we need to determine C (s), and therefore R (s), so to satisfy also the dynamic specifications 
and ensure stability 

dynamic specifications

!c* desired crossover frequency at which we want to have a phase margin of at least PM  *

from the extended plant frequency response we need to check which action is necessary 
both in terms of magnitude and phase by comparing the actual value of the magnitude and 
phase at the future crossover frequency !c*

Magnitude

(
Amplification: we need to increase the magnitude at some frequency

Attenuation: we need to decrease the magnitude at some frequency

Phase

(
Lead: we need to increase the phase at some frequency

Lag: phase can be decreased at some frequency if necessary

PM � PM⇤we want in !c* so if we have extra phase we can keep it

open-loop shaping: steady-state specifications
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!c* !

attenuation needed

amplification needed

2 possible actions at some frequency
(typically at the desired crossover frequency)

-¼

PM  *

lead (phase increase) needed

maximum lag we can tolerate

|P̂ (j�)|dB

|P̂ (j�)|dB

\P̂ (j�)

magnitude

phase

\ bP (j!⇤
c ) + ⇡

<latexit sha1_base64="cWkkYboXOVzZVhATqqlEbgqVUwo=">AAACEXicbVDJSgNBEO1xjXGLevTSGISIEGZcMEfBi8cIRoVMDDWdStLa0zN01ygh+Ate/BUvHhTx6s2bf2NnObg9KHi8V0VVvShV0pLvf3oTk1PTM7O5ufz8wuLScmFl9cwmmRFYE4lKzEUEFpXUWCNJCi9SgxBHCs+j66OBf36DxspEn1IvxUYMHS3bUgA5qVkohaA7Cnl4K1vYBeJVXroKkxg70BSXIVja4ts8TGWzUPTL/h D8LwnGpMjGqDYLH2ErEVmMmoQCa+uBn1KjD4akUHiXDzOLKYhr6GDdUQ0x2kZ/+NEd33RKi7cT40oTH6rfJ/oQW9uLI9cZA3Xtb28g/ufVM2pXGn2p04xQi9GidqY4JXwQD29Jg4JUzxEQRrpbueiCAUEuxLwLIfj98l9ytlMOdsv7J3vFw8o4jhxbZxusxAJ2wA7ZMauyGhPsnj2yZ/biPXhP3qv3Nmqd8MYza+wHvPcvZFKcEQ==</latexit>
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= PM
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summary

• if we have to amplify at !c* by exactly 

\ bP (j!⇤
c ) + ⇡ > m⇤

'
<latexit sha1_base64="erq/yaYCZWXHAL4cZQSIHV20VxA="></latexit>

m⇤
' � \ bP (j!⇤

c )� ⇡ > 0
<latexit sha1_base64="v2XR2J8aGgtxI0uS2XJKhaV/BIE="></latexit>

m⇤
' � \ bP (j!⇤

c )� ⇡ < 0
<latexit sha1_base64="SvUXlxaZH5dKq/yLvGODw65rAsE="></latexit>

\R(j!⇤
c ) � m⇤

' � \ bP (j!⇤
c )� ⇡ < 0

<latexit sha1_base64="CDhEgLGTS+c10QfdiMifC9CzidE="></latexit>

\R(j!⇤
c ) � m⇤

' � \ bP (j!⇤
c )� ⇡ > 0

<latexit sha1_base64="884ozqe5iXEnRIK3yZkE7uuEFQE="></latexit>

\ bP (j!⇤
c ) + ⇡ < m⇤

'
<latexit sha1_base64="mdx+vvbpry2/0OW6dPUKOkJIZig="></latexit>

��� bP (j!⇤
c )
���
dB

< 0
<latexit sha1_base64="N9j27t1mCM7krZ6NFeV0ndLIAqM="></latexit>

�
��� bP (j!⇤

c )
���
dB

<latexit sha1_base64="OT7M8HanAQgWSoYJcfokMO4JxV0="></latexit>

�
��� bP (j!⇤

c )
���
dB

< 0
<latexit sha1_base64="Yzx6rA96HRLKotHwiIekGAUiJ0o="></latexit>

��� bP (j!⇤
c )
���
dB

> 0
<latexit sha1_base64="OLxH9GQHh9aTNeqy81QICP5ED4s="></latexit>

|R(j!⇤
c )|dB = �

��� bP (j!⇤
c )
���
dB

> 0
<latexit sha1_base64="3ZVyC74yep/piEUfl5BwskmArfY="></latexit>

|R(j!⇤
c )|dB = �

��� bP (j!⇤
c )
���
dB

< 0
<latexit sha1_base64="SI8gB8srDntnaQIntGwmuEV4SH0="></latexit>

therefore R (s) needs to be such that

• if we have to attenuate at !c* by exactly 

therefore R (s) needs to be such that

• if

we have to increase the phase at !c* by at least 

therefore R (s) needs to be such that

• if

we can tolerate to decrease the phase at !c* by at most 

therefore R (s) needs to be such that

in both cases phase margin requirement is \R(j!⇤
c ) + \ bP (j!⇤

c ) + ⇡ � m⇤
'

<latexit sha1_base64="0T0o1HQ0idXf0bQpfdOw/INAr7k="></latexit>

but magnitude and phase are not independent (except for gain)

1

2

3

4
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elementary functions that can provide these magnitude and phase contributions

Remember that the static specifications have already been met (if we ensure stability) and 

therefore we do not want to alter this first step. 

Therefore, in general, we are not going to use a

• zero in s = 0 to obtain a phase lead

• pole in s = 0 to attenuate at some frequency

• a gain smaller than 1 in magnitude to attenuate if we have a constraint on the loop gain from 

the static requirements (while we may use a gain greater than 1 to amplify)

lead
compensator

lag
compensator

Ra(s) =
1 + �as

1 + �a
ma

s

Ri(s) =
1 + �i

mi
s

1 + �is

 ma > 1

¿a > 0

 mi > 1

¿i > 0

both have unit gain so no magnitude change in ! =  0
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Lead compensator

Ra(s) =
1 + �as

1 + �a
ma

s  ma > 1

¿a > 0
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Lag compensator

mi = 8

zero

pole

pole

zero

zero in 

pole in 
Ri(s) =

1 + �i
mi

s

1 + �is  mi > 1

¿i > 0

1

⌧i

mi

�i

mi

�i

1

⌧i

here

attenuation

phase lag
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Choice of R (s)

we assume C1 (s) (static specs) has already been chosen. Therefore we need to

• by evaluating the actual values of the extended plant magnitude and phase at the desired 

crossover frequency !c*, understand what action needs to be undertaken:

‣ amplification or attenuation at !c*

‣ phase lead or maximum allowed phase lag at !c*

• choose the elementary function(s) Ra(s) and/or Ri(s) (since multiple actions can be 

combined) needed

‣ choose ma (or mi) and the normalized frequency !¿ 

‣ deciding to obtain the desired action at !c* choose ¿a (or ¿i) so that 

!c*¿a = !¿                  (or !c*¿i = !¿)

chosenfrequency
at which we
want to obtain
the desired action

we solve
in ¿a
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Universal diagrams
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Case I
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actions needed:

• magnitude: as small amplification as 

possible in order not to move the 

current crossover frequency which 

coincides with the desired one

• phase: increase the phase, in this case of 

exactly PM  *

PM  *

PM � PM⇤
<latexit sha1_base64="7qggGmGVpZbCsDJ+v7mKrfjgvEY=">AAAB9XicbVDLSsNAFJ3UV62vqks3g0VwVRIf2GXBjZtCBPuAJi2T6aQdOpmEmRulhP6HGxeKuPVf3Pk3TtsstPXAhcM593LvPUEiuAbb/rYKa+sbm1vF7dLO7t7+QfnwqKXjVFHWpLGIVScgmgkuWRM4CNZJFCNRIFg7GN/O/PYjU5rH8gEmCfMjMpQ85JSAkXpuA3tDht1GzyMa+uWKXbXnwKvEyUkF5XD75S9vENM0YhKoIFp3HTsBPyMKOBVsWvJSzRJCx2TIuoZKEjHtZ/Orp/jMKAMcxsqUBDxXf09kJNJ6EgWmMyIw0sveTPzP66YQ1vyMyyQFJuliUZgKDDGeRYAHXDEKYmIIoYqbWzEdEUUomKBKJgRn+eVV0rqoOpfV6/urSr2Wx1FEJ+gUnSMH3aA6ukMuaiKKFHpGr+jNerJerHfrY9FasPKZY/QH1ucPNE+Rpw==</latexit>

\ bP (j!)
<latexit sha1_base64="ho+oCs0lPH8fN1IZ9HFIdcRnR9E=">AAACBHicbVDJSgNBEO2JW4xb1GMujUGIlzDjgjkGvHiMYBbIhFDTqSRtenqG7h4lhBy8+CtePCji1Y/w5t/YWQ6a+KDg8V4VVfWCWHBtXPfbSa2srq1vpDczW9s7u3vZ/YOajhLFsMoiEalGABoFl1g13AhsxAohDATWg8HVxK/fo9I8krdmGGMrhJ7kXc7AWKmdzfkgewKp/8A72AdDK7Rw50ch9uCknc27RXcKuky8OcmTOSrt7JffiVgSojRMgNZNz41NawTKcCZwnPETjTGwAfSwaamEEHVrNH1iTI+t0qHdSNmShk7V3xMjCLUehoHtDMH09aI3Ef/zmonpllojLuPEoGSzRd1EUBPRSSK0wxUyI4aWAFPc3kpZHxQwY3PL2BC8xZeXSe206J0VL27O8+XSPI40yZEjUiAeuSRlck0qpEoYeSTP5JW8OU/Oi/PufMxaU8585pD8gfP5Az/olys=</latexit>

| bP (j!)|dB
<latexit sha1_base64="fEMLIwcU1Nu2+MFgc2wtye18MoA=">AAACBXicbVC5TsNAEF1zhnAFKKFYESGFJrI5RMoIGsogkUOKI2u9HidL1od216DISUPDr9BQgBAt/0DH37BJXEDCk0Z6em9GM/PcmDOpTPPbWFhcWl5Zza3l1zc2t7YLO7sNGSWCQp1GPBItl0jgLIS6YopDKxZAApdD0+1fjf3mPQjJovBWDWLoBKQbMp9RorTkFA6G2H5gHvSIwjVcurOjALrkeOik3uXIKRTNsjkBnidWRoooQ80pfNleRJMAQkU5kbJtmbHqpEQoRjmM8nYiISa0T7rQ1jQkAchOOvlihI+04mE/ErpChSfq74mUBFIOAld3BkT15Kw3Fv/z2onyK52UhXGiIKTTRX7CsYrwOBLsMQFU8YEmhAqmb8W0RwShSgeX1yFYsy/Pk8ZJ2Totn9+cFauVLI4c2keHqIQsdIGq6BrVUB1R9Iie0St6M56MF+Pd+Ji2LhjZzB76A+PzB0hml8c=</latexit>

provided by a lead functionwhich, as a by-product also gives some 
amplification, therefore we need to choose 
the pair (ma, !¿) such that the lead function 
provides the desired phase lead but almost 
no amplification
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case I example: we need a phase lead of 25° with the smallest amplification possible

10
−1

10
0

10
1

10
2

0

10

20

30

40

50

60

70

normalized frequency

p
h
as

e 
(d

eg
)

2

3

4

6

8

10

12
1416

desired
phase lead

several choices of ma   are 
possible (at different 
normalized frequencies), 
we need to find one 
which is compatible with 
the magnitude 
requirement

0.5 is the smallest (for 
these plots) normalized 
frequency at which we 
obtain the desired phase 
lead (for ma = 16)

smallest amplification 
obtainable (around 1 dB)

we have chosen

ma = 16

!¿ = 0.5

therefore to obtain

this lead of 25° together

with the amplification of 

1 dB at !c* = 0.3 rad/s 

we choose ¿a as
¿  a = 0.5/0.3

25°

1 dB

1

2

3

step

phase

magnitude
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resulting loop function: the phase margin needs to be 
verified at the final crossover frequency

new crossover frequency, slightly larger than the desired
one due to the small amplification introduced by Ra(s)

having chosen the normalised frequency to the left 
of the “bell-shaped” phase, leads to an increase in 
phase lead for higher values of the frequency which 
partially compensates the typical decreasing phase 
plot thus achieving robustness w.r.t. the crossover 
frequency 

desired crossover frequency

case I example
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Case II
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\ bP (j!)
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| bP (j!)|dB
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case II example: we need an attenuation of 17 dB and can tolerate a maximum lag of 7°
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we have chosen

mi = 8

!¿ = 60

therefore to obtain

this attenuation of 17 dB

together with a lag

smaller than 7°

at !c* = 0.1 rad/s 

we choose ¿i as
¿  i = 60/0.1

several choices of mi   are 
possible (at different 
normalized frequencies), 
we need to find one 
which is compatible with 
the magnitude 
requirement

60 is the smallest (for 
these plots) normalized 
frequency at which we 
obtain the desired 
attenuation (for mi = 8)
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case II example

chosen lag function

resulting loop function achieves exactly the desired 
crossover frequency

desired crossover frequency

chosen lag function

the lag introduced by the chosen lag function in !c* is 
compatible with the desired phase margin, i.e. the 
phase of Ri(j!) at the desired crossover frequency is 
greater than the maximum allowed lag

the phase at the crossover frequency of the modified 
plant has no interest
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case II: on the choice of the normalized frequency

case II with two alternative choices of the !¿ 

Ri1(s)

Ri2(s)

basic consideration (see sensitivity functions): we usually want open-loop high gain at low 

frequency, therefore anything that gives an unnecessary attenuation at low frequency should be 

avoided if possible

mi = 8    !¿ = 70

mi = 8    !¿ = 200 starts attenuating before strictly needed

both compensators solve the specifications
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Case III
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specs !c*

actions needed:

• magnitude: amplification of 

• phase: since

we need to obtain a phase lead of

\P̂ (j⇥⇤
c ) + � < PM⇤

PM⇤ �
⇣
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example we need an amplification of 20 dB and a phase lead of at least 25°

two choices

• find a lead compensator that will give simultaneously the required amplification 

and phase lead

‣ usually requires a choice of the normalized frequency on the right-hand side 

of the phase “bell-shape” which gives poor robustness w.r.t. increases in the 

crossover frequency since the phase of both the extended plant and the 

compensator are decreasing at the chosen frequency

‣ may be not easy to find

• find a lead compensator that gives the required lead and gives some 

amplification, integrate the required amplification with an additional gain Kc2 

greater that 1.

This is usually possible since the static requirement (if any) asks for a gain 

sufficiently high.
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desired
phase lead

several choices of ma   are 
possible (at different 
normalized frequencies), 
we just keep the choice of 
the normalized frequency 
on the left of the “bell-
shape”

we can obtain an 
amplification of 2.5 dB)

we can choose

ma = 3

!¿ = 0.9

therefore to obtain

this lead of 25° together

with the amplification of 

2.5 dB at !c* = 0.2 rad/s 

we choose ¿a as
¿  a = 0.9/0.2

25°

2.5 dB

example we need an amplification of 20 dB and a phase lead of at least 25°

Kc2 /  

[Kc2 ]dB = 20 - 2.5

Kc2 Ra(s)
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about the robustness issue

case III revisited with two alternative solutions (the gains have been chosen appropriately)

Kc1Ra1(j�) Kc2Ra2(j�)
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ma = 6

!¿ = 0.8

ma = 6

!¿ = 7.5

left-hand side of the bell right-hand side of the bell

w.r.t. an increase of the 
crossover frequency

solution 1 is more robust w.r.t. uncertainties in the !c
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Case IV
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actions needed:

• magnitude: attenuation of 

• phase: since

PM  *

we need to obtain a phase lead of at least
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specs !c* PM � PM⇤
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example we need an attenuation of 8 dB and a phase lead of at least 25°

we need to use both lead and a lag compensators but in the proper order

• we choose the lead compensator first in such a way to obtain a phase increase of the 

required 25° plus an extra (for example of 8°) in order to compensate the lag that will be 

introduced by the lag compensator

This lead function will also introduce, at the chosen frequency, an amplification of exactly

• the lag compensator will be chosen so to introduce an attenuation of 

and a lag smaller than the extra 8° previously introduced

|R̂a(j�
⇤
c )|dB

8 dB + |R̂a(j�
⇤
c )|dB

ma = 8

!¿ = 0.8
34°
2.5 dB

mi = 3.2

!¿ = 20 < 8°
-10.5 dB

(these numbers are just for illustration purposes and have not been verified)
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PID controllers
3 basic heuristic actions

Proportional:  the control action is set to be directly proportional to the system error (present)

Integral:  the control action is set to be proportional to the system error integral (past)

Derivative:  the control action is set to be proportional to the system error derivative (future)

TI =
KP

KI

TD =
KD

KP

output of the
controller

CPID (s)
m (s)e (s)

ideal PID controller
transfer function

with

- widely spread

- fixed structure with 3 tunable parameters KP KD KI (or  KP TD TI)

- can be tuned automatically even with scarce knowledge of the (simple) plant

- basic tuning refers only to static specifications

m(t) = KP e(t) +KI

Z t

0
e(�)d� +KD ė(t)

CPID(s) =
m(s)

e(s)
= KP +

KI

s
+KDs

= KP

✓
1 +

1

TIs
+ TDs

◆
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Derivative action is physically not realizable (improper transfer function) we need to approximate

add a high-frequency pole in 

s = �KP

KD
N = � N

TD

high frequency pole 
Ca

D(s) =
TDs�

1 + TD
N s
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N = 10, 20, 50, 100

N = 10, 20, 50, 100

approximated
derivative action
for various values of N

ideal derivative

ideal derivati
ve

approx
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+ -

r e m

1

P (s)

CaPID (s)

KP

TDs�
1 + TD

N s
�

1

KIs

+

+ +

Basic PID feedback control scheme

typical configurations

• proportional

• proportional + derivative (approximate)

• proportional + integrative
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PD configuration

PI configuration

Ca
PD(s) = KP
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sTD

1 + sTD
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D
 = 1, N = 10

1/ma

¿aequivalent to a Lead compensator

CPI(s) = KP

✓
1 +

1

sTI

◆
=

KP

TI

(1 + TIs)

s

zero in s = -1/TI + pole in s = 0

compensates the phase lag introduced by the pole in s = 0
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Vocabulary

English Italiano

lead compensator funzione anticipatrice

lag compensator funzione attenuatrice

phase lead anticipo di fase

phase lag ritardo di fase

attenuation attenuazione

amplification amplificazione

open-loop shaping sintesi per tentativi


